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KEEL’S BASE POINT FREE THEOREM AND QUOTIENTS
IN MIXED CHARACTERISTIC
JAKUB WITASZEK
Abstract. We develop techniques of mimicking the Frobenius action
in the study of universal homeomorphisms in mixed characteristic. As
a consequence, we show a mixed characteristic Keel’s base point free
theorem obtaining applications towards the mixed characteristic Min-
imal Model Program, we generalise Kolla´r’s theorem on the existence
of quotients by finite equivalence relations to mixed characteristic, and
we provide a new proof of the existence of quotients by affine group
schemes.
1. Introduction
There are three natural classes of algebraic varieties: of characteristic zero,
of positive characteristic, and of mixed characteristic. In trying to under-
stand characteristic zero varieties one can apply a wide range of techniques
coming from analytic methods like vanishing theorems. More complicated
though they are, positive characteristic varieties come naturally with the
Frobenius action which often allows for imitating analytic proofs or some-
times even showing results which are false over C. Of all the three classes,
the mixed characteristic varieties are the most difficult to understand as they
represent the worst of both worlds: one lacks the analytic methods and the
Frobenius action when working with them. Recent years have seen a surge of
interest in the study of geometry and commutative algebra of mixed char-
acteristic varieties (cf. [And18, Bha18,MS18,MS17, Tan18, EH16]) as they
bridge the gap between positive and zero characteristics and play a central
role in number theory.
What allows for many of the applications of Frobenius is the follow-
ing observation: if f : X → Y is a universal homeomorphism of posi-
tive characteristic schemes (for example, a thickening), then its perfection
fperf : Xperf → Yperf is an isomorphism. The goal of this article is to intro-
duce analogues of this fact in mixed characteristic and employ them to gen-
eralise many positive characteristic results, with focus on two main sources
of applications: the study of base point freeness and constructing quotients.
Before moving on to mixed characteristics, let us give one prominent
example of the efficacy of the Frobenius action in positive characteristic:
Keel’s base point free theorem.
Theorem 1.1 ([Kee99]). Let L be a nef line bundle on a projective scheme
X defined over a positive characteristic field k. Let E(L) be the union of all
integral subschemes on which L is not big. Then L is semiample if and only
if L|E(L) is so.
1
2 JAKUB WITASZEK
Here, a line bundle L is nef if L ·C ≥ 0 for every proper curve C ⊆ X, it is
semiample if some multiple of it is base point free, and it is big if L⊗m⊗A−1
admits a section for some ample line bundle A and some m ∈ N.
This seminal result plays a vital role in the study of positive character-
istic geometry as it allows for showing base point freeness by an inductive
argument. It is indispensable in the positive characteristic Minimal Model
Program ([HX15]), but has many other applications: to birational geom-
etry (e.g. [CMM14, Bir17, CT17, MNW15]), moduli spaces of curves (e.g.
[Kee99]), arithmetic moduli ([BS17]), or Mumford’s conjecture ([SS11]) to
mention a few. Surprisingly, this result is false in characteristic zero.
In this article, we generalise Keel’s theorem to mixed characteristics. In
particular, this provides a positive answer to a problem posed by Seshadri
([Ses05, Remark 2]).
Theorem 1.2 (Theorem 6.1). Let L be a nef line bundle on a scheme X
projective over an excellent Noetherian base scheme S. Then L is semiample
over S if and only if both L|E(L) and L|XQ are so.
Here XQ := X ×SpecZ SpecQ. Note that the assumption that L|XQ is
semiample is necessary, because Keel’s result by itself is false in characteristic
zero. Further, we prove an analogous result for semiampleness replaced by
EWM (endowed-with-a-map, see Section 2).
As a corollary of Theorem 1.2, we show that contractions exist in the
mixed characteristic Minimal Model Program (see Corollary 6.5) and prove
the following base point free theorem (when the residue fields of S are not
Fpn or Fp, we prove that L is EWM).
Corollary 1.3 (Corollary 6.7). Let S be a spectrum of a mixed characteristic
Dedekind domain with residue fields of closed points isomorphic to Fpn or Fp
for some n > 0 and prime numbers p. Let (X,∆) be a klt pair on a normal
integral scheme X of global dimension three which is projective over S and
let L be a nef line bundle on X such that L− (KX+∆) is nef and big. Then
L is semiample.
We move on to constructing quotients of schemes. The following result
in positive characteristic has been shown by Kolla´r (see [Kol12]).
Theorem 1.4. Let X be a separated algebraic space of finite type over an
excellent Noetherian base scheme S. Let σ : E ⇒ X be a finite, set theoretical
equivalence relation and assume that the geometric quotient XQ/EQ exists
as a separated algebraic space of finite type over S. Then the geometric
quotient X/E exists as a separated algebraic space of finite type over S.
Note that as with Keel’s theorem, the quotients by set theoretical finite
equivalence relations need not exist in characteristic zero. However, one can
construct them in many important cases (see [Kol12,Kol13]).
Lastly, we provide a new proof of the following result (cf. [Kol97, Conjec-
ture 1.1]).
Theorem 1.5 ([KM97, Theorem 1.1 and Corollary 1.2]). Let G be an affine
algebraic group scheme of finite type and smooth over an excellent Noether-
ian base scheme S and let X be a separated algebraic space of finite type
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over S. Further, let m : G × X → X be a proper G-action on X. Then a
geometric quotient X/G exists and is a separated algebraic space of finite
type over S.
The assumption on the smoothness of G can be weakened (cf. Remark
6.4). Over C the above fundamental theorem was proved in [Pop73]. Build-
ing on the results of Seshadri ([Ses72]), Kolla´r showed this theorem for al-
gebraic spaces over positive characteristic fields, and also for mixed char-
acteristic ones when the group scheme is reductive ([Kol97]). Finally, the
conjecture has been settled in [KM97], where it was shown that quotients
by flat groupoids with finite stabilisers exist. Although the above result is
known to hold for the last two decades, we believe it is interesting to provide
a new proof of it, one which follows Kolla´r’s original strategy.
We finish this part of the introduction by explaining an important recur-
ring theme in the proofs of all the above results: constructing pushouts of
diagrams X
p
←− Y
g
−→ Y ′ where g is a universal homeomorphism. In order
to prove his remarkable result ([Kol97]), Kolla´r showed that such pushouts
exist in positive characteristic, and in mixed characteristic as well if g is, in
addition, an isomorphism over Q and p is finite. The following generalisa-
tion of his result plays a vital role in the proofs of the above theorems, and
we believe is interesting in itself.
Theorem 1.6 (cf. Theorem 4.4). Let X
p
←− Y
g
−→ Y ′ be a diagram of schemes
or algebraic spaces such that p is representable, quasi-compact, and sepa-
rated, and g is a representable universal homeomorphism. Assume that a
pushout of XQ ← YQ → Y
′
Q exists. Then so does a pushout of X ← Y → Y
′.
An important case of this theorem is constructing pushouts ofX
p
←− XQ
g
−→
X ′Q, where g is a representable universal homeomorphism, in other words,
extending a universal homeomorphism from characteristic zero to mixed
characteristic.
Having constructed such pushouts, we need to study their properties and
the following theorem allows for finding line bundles on them. Here, PicX
denotes the groupoid of line bundles on X.
Theorem 1.7. Let f : X → Y be a finite universal homeomorphism of
Noetherian schemes over Z(p). Then the following diagram
PicY [
1
p ] PicX [
1
p ]
PicYQ [
1
p ] PicXQ [
1
p ],
f∗
is Cartesian in the 2-category of groupoids.
1.1. Further discussion. In this subsection we summarise other topics
related to our study of Keel’s theorem and quotients in mixed characteristic.
In order to prevent this paper from becoming too long, we decided not to
pursue them in detail here. Instead, we hope to address some of them in
forthcoming articles (e.g. [Wit]).
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Mumford conjecture (Haboush’s theorem). Given an affine scheme SpecA
which is finitely generated over a characteristic zero field, and a reductive
group G acting on SpecA, it is easy to show using the averaging operator
that AG is finitely generated as well. However, in general this has been an
open problem for many years (known as Mumford’s conjecture), eventually
settled in positive characteristic by Haboush using Steinberg’s representa-
tions ([Hab75]), and extended to mixed characteristic using similar methods
by Seshadri ([Ses77]). Before Haboush’s seminal paper, Seshadri set up a
program for showing Mumford’s conjecture by geometric means (cf. [Ses72]).
After the announcement of [Kee99], Seshadri realised ([Ses05]) that Keel’s
base point free theorem is exactly what is needed to conclude his program in
positive characteristic and yield a geometric proof of Mumford’s conjecture
in this setting (this was eventually proven together with Sastry in [SS11]).
As remarked by Seshadri, the missing component for concluding his pro-
gram in full generality is a mixed characteristic variant of Keel’s theorem.
Hence, the results of our paper should possibly allow for a geometric proof
of Mumford’s conjecture in this general setting.
Mixed characteristic Minimal Model Program. We were motivated to seek
a mixed characteristic variant of Keel’s theorem by our study of the higher
dimensional mixed characteristic Minimal Model Program (see [Tan18] for
the two-dimensional case). The recent breakthrough proof of the validity
of the Minimal Model Program for positive characteristic threefolds by Ha-
con and Xu (see [HX15]) is based on two main components: Keel’s theorem
used to construct contractions, and the Frobenius regularity used to con-
struct flips. Our mixed characteristic Keel’s theorem provides exactly what
is needed to generalise the former component to mixed characteristic. Note
that, recently, Schwede and Ma ([MS18]), motivated by the work of Andre´,
Bhatt, and Scholze ([And18,Bha18,Sch12]), introduced a mixed character-
istic analogue of F-regularity. We hope that this could be used to mimick
Hacon-and-Xu’s proof of the existence of flips (see [MST+19] for the first
step in this direction) which combined with our results would yield the va-
lidity of the MMP for mixed characteristic threefolds.
Relative semiampleness. Cascini and Tanaka have shown that given a pro-
jective morphism f : X → Y of positive characteristic Noetherian schemes,
the relative semi-ampleness of a line bundle L on X may be verified fibrewise
([CT17], see [BS17, Theorem 1.3] for a similar result). The three main com-
ponents of their proof are: Keel’s base point free theorem, Kollar’s existence
of quotients by finite equivalence relations, and “gluing” of semiampleness
of line bundles. In this article we generalise these components to mixed
characteristic (Theorem 1.2, Theorem 1.4, and Subsection 5.1) and, as far
as we understand, this will be enough to extend the result of Cascini and
Tanaka to morphisms over Z. As a corollary, one gets the following.
Theorem 1.8 (in progress). Let L be a nef line bundle on a scheme X
projective over a Noetherian base scheme S. Assume that L|XFp and L|XQ
are semiample over S. Then L is semiample over S.
Due to the amount of technical details, we do not sort out the proof here,
but instead postpone it to a separate article ([Wit]).
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Moduli spaces of curves. One of the consequences of Keel’s seminal paper
was the proof that the relative canonical divisor on the universal family of
curves overMg,n is always semiample in positive characteristic ([Kee99, The-
orem 0.4]). In [Kee03a] it was shown that many other nef line bundles on
Mg,n in positive characteristic are semiample and the results of our paper
should allow for proving that some of these line bundles (for example cor-
responding to KX-negative extremal rays, cf. [Gib09, Section 7]) are semi-
ample in mixed characteristics as well. Theorem 1.8 will reduce this problem
to the independent study of the characteristic zero and the positive charac-
teristic cases, thus we postpone writing any proofs to [Wit].
In general, Keel conjectured that every nef line bundle onMg,n in positive
characteristic is semiample. If this is true, then Theorem 1.8 will imply the
following.
Conjecture 1.9. Let Mg,n be the moduli space of genus g curves with n
marked points over SpecZ, and let L be a nef line bundle on it. If L is
semiample on Mg,n × SpecQ, then it is semiample.
K-theory. It is natural to enquire if the constructions of this paper can be ex-
tended to a more general framework. In fact, motivated by some of the ideas
contained here, one can provide results towards the study of mixed charac-
teristic K-theory ([AEMW]). We hope this and other related problems, such
as the behaviour of derived Brauer stacks under universal homeomorphisms
in mixed charactersitic, to be addressed in a separate article.
1.2. The idea of the proof of Theorem 1.2. The key components in the
proofs of the main results are Theorem 1.6, Theorem 1.7, and the “mixed
characteristic multiplicative perfection”. In what follows we explain the
last concept by giving a sketch of the proof of Theorem 1.2. Note that
[BS19] defined a mixed characteristic perfection in the category of derived
schemes; however, their theory seems useful for a different type of geometric
applications (see e.g. [MST+19, Appendix]).
Using Keel’s strategy and Theorem 1.7, we can deduce Theorem 1.2 from
the following result.
Theorem 1.10. Let L be a nef line bundle on a scheme X projective over
a Noetherian base scheme S. Then L is semiample (or EWM) if and only
if both L|Xred and L|XQ are so, where X
red is the reduction of X.
In fact, Birkar showed that there exists a thickening E(L)th of E(L) such
that L is semiample if and only if L|E(L)th is so ([Bir17, Theorem 1.4]).
However, the main difficulty with applying this result in practice is that it
is usually difficult to verify that a line bundle on a non-reduced scheme is
semiample.
By localising at primes p ∈ Z, we can assume that X is defined over Z(p).
Let us explain the proof of Theorem 1.10 under the assumption that XQ = ∅
that is X is defined over Z/pmZ for some m > 0. Therewith, we claim that
OX → OXred is an isomorphism up to raising the sections to the p
n-th power
for some n≫ 0. In particular, the same holds for
H0(X, kL)→ H0(Xred, kL|Xred),
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and so L is semiample if and only if L|Xred is so (the idea is that we lift
sections locally but then these different local lifts glue up to pn-th power by
the claim).
To prove the claim, we can work affine locally. Let π : R → R/I be a
morphism of rings such that I is a locally nilpotent ideal and R[1p ] = 0, that
is pm = 0 for some m > 0. Since π is clearly surjective, it is enough to check
that it is injective up to raising the sections to some pn-th power, that is:
for every r1, r2 ∈ R such that π(r1) = π(r2) we have r
pn
1 = r
pn
2 for some
n > 0 depending on r1 and r2.
The first condition stipulates that r2 = r1 + t for some t ∈ I. Since I is
locally nilpotent, tr+1 = 0 for some r > 0, and so
rp
n
2 = r
pn
1 +
r∑
i=1
(
pn
i
)
rp
n−i
1 t
i.
By taking n≫ 0 we can assume that pm |
(pn
i
)
for i ≤ r, and so rp
n
2 = r
pn
1 ,
concluding the proof of the claim and the theorem when XQ = ∅.
We can formalise the concept of the validity “up to some pn-th power”
by introducing a handy notion of a perfection of the sheaf OX ; we set
OperfX := lim−→
s 7→sp
OX .
Since the p-th power map is not additive, this object is only a sheaf of
multiplicative monoids.
Given a universal homeomorphism f : X → Y such that fQ is an isomor-
phism, we show that OperfY → f∗O
perf
X is an isomorphism (see Lemma 3.4),
from which we infer the following.
Lemma 1.11. Let f : X → Y be a universal homeomorphism of schemes
over Z(p). Then the following diagram is Cartesian
OperfY O
perf
X
OperfYQ O
perf
XQ
,
f∗
This shows that in mixed characteristic the p-th power map behaves to some
extent as if it was additive.
Theorem 1.10 can be proved using Lemma 1.11, Theorem 1.6, and Theo-
rem 1.7.
2. Preliminaries
We refer to [Sta14] for basic definitions in scheme theory and to [KM98]
for basic definitions in birational geometry (note that in this paper, unless
otherwise stated, if (X,B) is a log pair, then B is a Q-divisor). We say
that a scheme X is of mixed characteristic if its image under the projection
X → SpecZ is open; in other words, if some connected component of X
is not defined over a field. Note that every mixed characterist
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domain (Noetherian normal domain of dimension at most one) is excellent
([Sta14, Tag 07QW]). Furthermore, schemes of finite type over Noetherian
base schemes are Noetherian ([Sta14, Tag 01T6]) and hence quasi-compact
and quasi-separated ([Sta14, Tag 01OY,01T7]). If the base is excellent, then
their normalisation is finite ([Sta14, Tag 0BB5]).
We say that a morphism of schemes f : X → Y is a contraction if it is
proper, surjective, and f∗OX = OY . Let X be a proper scheme over a
Noetherian base scheme S, let π : X → S be the projection, and let L be a
line bundle on X. If the base scheme is fixed, we drop the prefix “relatively”
when referring to notions below. We say that L is relatively nef if L ·C ≥ 0
for every proper curve C ⊆ X over S, it is relatively base point free if the
natural map π∗π∗L → L is surjective, it is relatively semiample if some
multiple of it is base point free, and it is relatively big if π∗(L
⊗m⊗A−1) 6= 0
for some relatively ample line bundle A and some m > 0. Further, following
[Kee99], we say that L is relatively EWM (endowed with a map) if there
exists a proper S-morphism f : X → Y to an algebraic space Y proper over
S such that a proper curve C ⊆ X over S is contracted by f if and only if
L · C = 0. The Stein factorisation of f is unique.
Note that the property of L being EWM can be checked affine locally
on S. Indeed, given a surjective contraction f : X → Y and a morphism
h : X → Z contracting all the geometric fibres of f , where X, Y , Z are
proper algebraic spaces over S, there exists a unique map g : Y → Z such
that g ◦f = h (cf. the proof of Proposition 2.11). In particular, if f : X → Y
is a map associated to L, then f and Y are uniquely determined up to a
canonical isomorphism, so any local constructions of maps associated to a
line bundle must glue.
Let us recall the following pinching result.
Theorem 2.1 ([Art70, Theorem 3.1] and [Kol12, Theorem 38]). Let X be
a Noetherian algebraic space over a Noetherian base scheme S, let Z ⊆ X
be a closed subspace, and let g : Z → V be a finite surjection. Then there
exists a universal pushout diagram of algebraic spaces
Z X
V Y,
g pi
such that Y is a Noetherian algebraic space over S, V → Y is a closed
embedding, and Z = π−1(V ). Further, the diagram is a pushout square on
the level of topological spaces and π is a finite map which is an isomorphism
over Y \ V . If X, Z, and V are of finite type over S, then so is Y .
Proof. The pushout exists by [Kol12, Theorem 38]. After an e´tale base
change of Y , we can assume that the spaces in question are schemes, and so
the diagram is a topological pushout and π is an isomorphism over Y \V by
[Sta14, Tag 0E25]. Further, Y is of finite type, provided that so are X,Z,
and V , by [Sta14, Tag 0E27]. 
2.1. Universal homeomorphisms. We say that a morphism of schemes
f : X → Y is a universal homeomorphism, if all of its base changes are
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homeomorphisms (equivalently, by [Sta14, Tag 04DF], it is an integral, uni-
versally injective, and surjective morphism). To verify that a universally
closed (for example, integral) morphism f is a universal homeomorphism it
it enough to check that Mor(SpecK,X) → Mor(SpecK,Y ) is a bijection
for every algebraically closed field K (cf. [Sta14, Tag 01S4 and 03MH]).
Note that for algebraic spaces a universal homeomorphism need not be in-
tegral (e.g. A1/{x∼−x |x 6= 0} → A1/{x∼−x} ≃ A1, cf. [Sta14, Tag 05Z6]).
In this setting, being integral, universally injective, and surjective is equiv-
alent to being a representable universal homeomorphism.
We call an extension of rings A ⊆ B elementary, if there exists b ∈ B such
that A[b] = B and b2, b3 ∈ A. The following proposition states that univer-
sal homeomorphisms in characteristic zero decompose into thickenings and
elementary extensions. Indeed when f : A → B is a universal homeomor-
phism of rings defined over a characteristic zero field, then f automatically
induces isomorphisms on residue fields (cf. [Sta14, Tag 0BR7]).
Proposition 2.2 ([Sta14, Tag 0CND]). An extension of rings A ⊆ B is
a universal homeomorphism inducing isomorphisms on residue fields if and
only if every finite subset E ⊆ B is contained in an extension A[b1, . . . , bk] ⊆
B such that for every 1 ≤ i ≤ k we have that b2i , b
3
i ∈ A[b1, . . . , bi−1].
Proposition 2.3 ([Sta14, Tag 0CNE]). An extension of rings A ⊆ B is
a universal homeomorphism if and only if every finite subset E ⊆ B is
contained in an extension A[b1, . . . , bk] ⊆ B such that for every 1 ≤ i ≤ k
we have that b2i , b
3
i ∈ A[b1, . . . , bi−1] or pbi, b
p
i ∈ A[b1, . . . , bi−1] for some
prime number p.
In characteristic p > 0, universal homeomorphisms may also be described
in the following way.
Proposition 2.4 (cf. [Sta14, Tag 0CNF], Lemma 3.4). Let f : X → Y be
an affine morphism of schemes defined over a field of characteristic p > 0.
Then f is a universal homeomorphism if and only if f∗ : OperfY → O
perf
X is
an isomorphism.
Remark 2.5. For the convenience of the reader, we recall a few basic scheme
theoretic facts that we will often use later on. Here, S is a scheme or an
algebraic space (over a scheme) and f : X → Y is a morphism of schemes or
algebraic spaces, respectively.
(1) Assume that X is quasi-compact and Y is quasi-separated over S.
Then f is quasi-compact ([Sta14, Tag 03KS]).
(2) Assume that X is quasi-compact over S and f is surjective. Then
Y is quasi-compact over S (cf. [Sta14, Tag 03E4]).
(3) Assume that X is quasi-separated or separated over S. Then so is
f ([Sta14, Tag 03KR]).
(4) Assume that f is surjective and universally closed. If X is quasi-
separated or separated over S, then so is Y ([Sta14, Tag 05Z2]).
(5) Assume that X is locally of finite type over S. Then f is locally of
finite type ([Sta14, Tag 0462]).
(6) The morphism f is integral if and only if it is affine and universally
closed ([Sta14, Tag 01WM, 0415]).
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(7) Assume that f is surjective. If X is universally closed over S, then
so is Y . In particular, if also Y is separated and of finite type over
S, then it is proper ([Sta14, Tag 03GN, 08AJ]).
(8) Assume that X is proper and Y is separated over S. Then f is
proper ([Sta14, Tag 04NX]).
(9) Assume that X is finite (integral, resp.) and Y is separated over S.
Then f is finite (integral, resp.) ([Sta14, Tag 035D]).
(10) Assume that f is of finite type with finite fibres and that the algebraic
spaces X and Y are quasi-separated over S. Then f is quasi-finite
([Sta14, Tag 06RW,0ACK]).
(11) Assume that f is proper with finite fibres and Y is quasi-separated
over S. Then f is finite ([Sta14, Tag 0A4X]).
(12) Assume that X is affine and f is surjective and integral. Then Y is
affine ([Sta14, Tag 05YU, 07VT]).
(13) Assume that f is integral and induces a bijection |X| = |Y |. Then
X is a scheme if and only if Y is a scheme ([Sta14, Tag 07VV]).
(14) Assume that f is a representable universal homeomorphism. Then
pulling back induces an equivalence of categories of e´tale or affine
e´tale schemes or algebraic spaces over Y and X ([Sta14, Tag 04DZ,
05ZH, 07VW]).
Lemma 2.6. Let f : X
g
−→ Y
h
−→ Z be morphisms of schemes such that f is
a universal homeomorphism. Further, assume that g is surjective, or g is
dominant and h is separated. Then both g and h are universal homeomor-
phisms.
Proof. First, we show that g is surjective. To this end, we can assume that
g is dominant and h is separated. Then, g is integral (Remark 2.5(9)), hence
closed and surjective.
Since g is surjective, Remark 2.5(7) implies that h is universally closed.
Moreover, h is surjective as f is surjective, and it is universally injective
as f is universally injective and g is surjective. Therefore, h is a universal
homeomorphism. In particular, it is separated, and as above we get that
g is integral. Since f is universally injective, g is also universally injective,
and so it is a universal homeomorphism. 
Lemma 2.7. An affine morphism of schemes f : X → Y is a universal
homeomorphism if and only if fZ(p) : XZ(p) → YZ(p) is a universal homeo-
morphism for every prime number p.
Here XZ(p) := X ×SpecZ SpecZ(p).
Proof. If fZ(p) is a universal homeomorphism for every p, then f is universally
injective and surjective. To verify integrality, we can assume that X and Y
are affine, in which case this follows by [Sta14, Tag 034K]. 
The following lemma allows us to descend finite generatedness under uni-
versal homeomorphisms f : X → Y . However, when f∗ : OY → f∗OX is not
injective, the statement is false (cf. Remark 2.19).
Lemma 2.8 (Eakin-Nagata). Let f : X → Y be an integral morphism of
algebraic spaces over a Noetherian base scheme S such that X is of finite
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type over S and f∗ : OY → f∗OX is injective. Then Y is of finite type over
S. Moreover, if X is separated or proper over S, then so is Y .
Note that f is automatically finite when X is of finite type.
Proof. Since f is dominant and closed, it is surjective. Thus, by Remark
2.5(2), Y is quasi-compact over S. To check that Y is locally of finite type,
we can assume that X, Y , and S are affine, in which case the statement
follows from [Kol12, Theorem 41]. The separatedness or properness of Y
provided that of X is a consequence of Remark 2.5(4)(7). 
2.2. Quotients by finite equivalence relations. In this subsection we
review definitions and basic results on quotients by set theoretic equivalence
relations following [Kol12].
Even in the case of a finite group G acting on a scheme X, we cannot
expect the quotient X/G to be a scheme unless X is quasi-projective or,
more generally, Chevalley-Kleiman (cf. [Kol12, Definition 47]). Therefore,
we need to work in the category of algebraic spaces.
Definition 2.9. Let X be a separated algebraic space of finite type over
a Noetherian base scheme S. A morphism σ : E → X ×S X (equivalently
σ1, σ2 : E ⇒ X over S) is a set theoretic equivalence relation on X over S if
for every geometric point SpecK → S the map
σ(K) : MorS(SpecK,E) →֒ MorS(SpecK,X) ×MorS(SpecK,X)
yields an equivalence relation onK-points ofX. We say that σ : E → X×SX
is finite if σi are finite.
See [Kol12, Definition 2] for another equivalent definition.
Definition 2.10. Let σ1, σ2 : E ⇒ X be a set theoretic finite equivalence
relation of separated algebraic spaces of finite type over a Noetherian base
scheme S. We call q : X → Y , for a separated algebraic space Y of finite
type over S, a categorical quotient if q ◦ σ1 = q ◦ σ2 and q is universal with
this property (in the category of separated algebraic spaces of finite type
over S). We call q a geometric quotient if
• it is a categorical quotient,
• it is finite, and
• for every geometric point SpecK → S, the fibres of qK : XK(K) →
YK(K) are the σ(EK(K))-equivalence classes of XK(K).
Note that in contrast to Kolla´r we do not require the spaces to be reduced
in the definition of set theoretic finite equivalence relations. The following
theorem shows that the assumption on being a categorical quotient can be
replaced by saying that OY is the kernel of σ
∗
1 − σ
∗
2 .
Proposition 2.11 ([Kol12, Lemma 17]). Let X be a separated algebraic
space of finite type over a Noetherian base scheme S, let Y be an algebraic
space over S, let π : X → Y be an integral morphism over S, and let E ⇒ X
be a finite, set theoretic, equivalence relation over Y . Then the geometric
quotient X/E exists as a separated algebraic space of finite type over S.
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Proof. Note that X → Y is automatically finite as X is of finite type over
S. We claim that Z = SpecY ker(σ
∗
1 − σ
∗
2 : π∗OX → π∗OE) is the geometric
quotient, where the projection from E to Y is by abuse of notation denoted
by π. Let q : X → Z be the induced map. By construction, q is finite and
OZ → q∗OX is injective, hence Z is separated and of finite type over S by
Lemma 2.8. Moreover, q is a quotient on geometric points (by the same
argument as in [Kol12, Lemma 17]) and q ◦ σ1 = q ◦ σ2. Thus, it is enough
to show that it is a categorical quotient.
To this end, consider a map f : X →W to a separated algebraic space of
finite type over S which equalises σ. Let Z∗ be the image of (q, f) : X →
Z ×S W . Since Z ×S W is separated and of finite type over S, so is Z
∗.
It is enough to show that the induced map h : Z∗ → Z is an isomorphism.
Since q : X → Z is a quotient on geometric points and the induced map
q∗ : X → Z∗ equalises σ, we get that h : Z∗ → Z is a bijection on geometric
points. By Remark 2.5(7), h : Z∗ → Z is proper, and so by Remark 2.5(11)
it is a finite universal homeomorphism. By construction, h∗OZ∗ → ker(σ
∗
1−
σ∗2 : q∗OX → q∗OE) = OZ is an injection of OZ -sheaves, thus h∗OZ∗ = OZ
and h : Z∗ → Z is an isomorphism. 
2.3. Quotients by group schemes. The following definitions are taken
from [Kol97, Definition 2.7].
Definition 2.12. Let X be an algebraic space over a Noetherian scheme S,
and let G be a group scheme over S acting on X. We say that q : X → Z is
a topological quotient of X by G if q is a G-morphism (with Z admitting a
trivial action), it is locally of finite type, it is universally submersive, and it is
a set quotient on the level of geometric points. If in addition OZ = (q∗OX)
G,
then we call q a geometric quotient.
We say that an action of G on X is proper if ψX : G×SX
(mX ,p2)
−−−−−→ X×SX
is proper, where mX : G×S X → X is the morphism underlying the action
of G, and p2 : G×S X → X is the projection on the second factor. Since G
is affine, this condition ensures that the stabilisers are finite.
We state an analogue of Theorem 2.11.
Theorem 2.13 ([Kol97, Theorem 3.13]). Let G be an affine algebraic group
scheme, flat and locally of finite type over S. Let m : G×X → X be a proper
G-action on an algebraic space X over S. Let f : X → Z be a topological
quotient. Then a geometric quotient g : X → X/G exists and is defined by
the formula X/G := SpecZ(f∗OX)
G. Moreover, the induced map X/G→ Z
is a finite universal homeomorphism.
Remark 2.14. With notation as above, suppose that X is a separated alge-
braic space and G is an affine algebraic group scheme, flat and of finite type
over S and which acts properly on X. Note that G is of finite presentation
([Sta14, Tag 01TX]) and universally open over S ([Sta14, Tag 01UA]). Let
q : X → Z be a finite type topological quotient. Then
(1) m : G×X → X is affine and of finite type,
(2) q is affine and Z is separated,
(3) if X is of finite type over S, then so is Z,
(4) a geometric quotient is automatically a categorical quotient,
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(5) if f : X → Y is a finite surjective G-morphism of separated algebraic
spaces of finite type admitting a proper G-action and the geometric
quotients X/G and Y/G exist, then the induced map fG : X/G →
Y/G is finite. Moreover, if f is a finite universal homeomorphism,
then so is fG.
The morphism m : G×X → X may be identified with p2 : G×X → X via
the isomorphism (p1,mX) : G×X → G×X, so (1) holds. The morphism q
is affine by [Kol97, Theorem 3.12]. The quotient Z is separated by [Kol97,
Proposition 2.9] and of finite type over S (provided so is X) by [Kol97,
Theorem 3.12]. A geometric quotient is categorical by [Kol97, Corollary
2.15]. Last, for (4), consider the following diagram
X Y
X/G Y/G.
f
q qY
fG
By the above, both X/G and Y/G are separated and of finite type, hence so
is fG. Let Z ⊆ X/G be a closed subset. Then f(q
−1(Z)) = q−1Y (fG(Z)) is
closed, and hence so is fG(Z) as qY is submersive. The same holds after any
base change by a morphism to Y/G, thus fG is universally closed, and so
proper. By Remark 2.5(11), it is finite and the last assertion can be checked
on geometric points.
2.4. Pushouts of universal homeomorphisms. In this subsection we
discuss some preliminary results on pushouts of universal homeomorphisms.
The case of pushouts of thickenings by affine morphisms is well understood
and described in [Sta14, Tag 07RT and 07VX].
Definition 2.15 (cf. [Kol97, Section 8]). Consider the following commuta-
tive diagram of schemes or algebraic spaces over a scheme S
X Y
X ′ Y ′,
f
p
g
q
where Y
p
−→ X is representable, quasi-compact, and quasi-separated, and
Y
g
−→ Y ′ is a representable universal homeomorphism. We say that this
diagram is a topological pushout square if f is a representable universal
homeomorphism and a geometric pushout square if in addition
OX′ = f∗OX ×(f◦p)∗OY q∗OY ′ .
We write X ′ = X ⊔Y Y
′ and say that X ′ is a topological or a geometric
pushout. If X is a scheme, then so is X ′ by Remark 2.5(13).
The assumption on the representability of p may not be necessary. In any
case, we are mostly interested in the case of p being affine or a morphism
from a scheme Y to an algebraic space X.
Lemma 2.16. Let A → B ← B′ be maps of rings such that B′ → B is
a universal homeomorphism and let A′ = A ×B B
′. Suppose that A′ → A
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is a universal homeomorphism. Then SpecA′ is a geometric pushout of
SpecA← SpecB → SpecB′.
Proof. This follows by the same proof as [Sta14, Tag 0ET0] (see also [Sta14,
Tag 07RT and 01Z8]). 
Remark 2.17. Consider a topological pushout square of schemes or algebraic
spaces as above. Then
(1) The morphism q is representable, quasi-compact, and quasi-separated.
(2) If p is separated, affine, universally closed, or integral, then so is q.
(3) If X is quasi-compact, quasi-separated, or separated, then so is X ′.
(4) If the pushout is geometric and g∗ : OY ′ → g∗OY is injective, then
f∗ : OX′ → f∗OX is injective as well.
To prove (1) and (2), we can assume that X ′ is an affine scheme, and so
that X is affine and Y is a quasi-compact quasi-separated scheme. Then Y ′
is also a scheme (Remark 2.5(13)), it is quasi-compact (Remark 2.5(2)), and
quasi-separated (Remark 2.5(4)). Thus q is representable, quasi-compact,
and quasi-separated. If p is separated or affine, then we can assume that Y
is separated or affine, respectively, and then so is Y ′ (Remark 2.5(4)(12)).
Thus q is separated or affine, respectively. If p is universally closed, then
so is q by Remark 2.5(7) applied to q ◦ g. Since being integral is equivalent
to being affine and universally closed (Remark 2.5(6)), the integrality of p
implies the integrality of q.
The quasi-compactness, quasi-separatedness, or separatedness of X ′, pro-
vided X has these properties, respectively, follows, as above, from Remark
2.5(4)(2). The injectivity of f∗ provided the injectivity of g∗ follows by
definition.
Lemma 2.18 (cf. [Kol97, (8.1.3)]). Let X ← Y → Y ′ be a diagram of
schemes (or algebraic spaces) satisfying the assumptions of Definition 2.15
and which admits a topological pushout Z. Then the geometric pushout
X ′ := X ⊔Y Y
′ exists as a scheme (an algebraic space, resp.). Moreover, the
induced map X ′ → Z is a representable universal homeomorphism.
Proof. Define X ′ := SpecZ
(
(fZ)∗OX ×(fZ◦p)∗OY (qZ)∗OY ′
)
sitting inside
X Y
X ′ Y ′.
Z
f
fZ
p
g
q
qZ
Here, we used quasi-compactness and quasi-separatedness of morphisms (Re-
mark 2.17(1)) to guarantee that the pushforwards of structure sheaves are
quasi-coherent (see [Sta14, Tag 03M9]).
Now, by means of e´tale base change, we can assume that the spaces in
question are schemes. By construction, ker(OX′ → f∗OX) ≃ ker(q∗OY ′ →
q∗g∗OY ), and so the kernel of O
′
X → f∗OX is locally nilpotent, and, in
particular, X → X ′ is dominant. Moreover, X ′ → Z is separated as it is
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affine. Thus, both X → X ′ and X ′ → Z are universal homeomorphisms by
Lemma 2.6, and so X ′ is a geometric pushout. 
Remark 2.19. Even if X ← Y → Y ′ are of finite type over a field k, the
geometric pushout need not be Noetherian (see [Kol97, Example 8.5]). A
pertinent example which is relevant to us is the following pushout diagram:
SpecZ SpecQ
SpecZ⊕ xQ SpecQ[x]/x2.
To rectify the problem laid down in the above remark, we use Noetherian
approximation.
Lemma 2.20. Let X
p
←− Y
g
−→ Y ′ be a diagram of schemes (or algebraic
spaces) over a Noetherian base scheme S, satisfying the assumptions of
Definition 2.15 and admitting a topological pushout X ′. Assume that X
is of finite type over S. Then there exists a topological pushout X ′top of
X ←− Y −→ Y ′, which is of finite type over S. Moreover, if X is proper over
S, then so is X ′top.
Proof. By Lemma 2.18 we can assume that X ′ is a geometric pushout.
Note that X, X ′, and S are quasi-compact and quasi-separated (cf. Re-
mark 2.17(3)). Thus, we can apply [Sta14, Tag 09MV] ([Sta14, Tag 09NR],
resp.) to get an inverse system of schemes (algebraic spaces, resp.) X ′i, of
finite type over S, over a directed set I with affine transition maps such that
X ′ = lim←−X
′
i.
Since f : X → X ′ is a representable universal homeomorphism, the in-
duced map f(X)→ X ′ is a thickening and f : X → f(X) is a representable
universal homeomorphism (cf. Remark 2.5(14)). Moreover, f(X) is of finite
type over S by Lemma 2.8 as Of(X) → f∗OX is injective by definition. Thus,
by [Sta14, Tag 081B] ([Sta14, Tag 0828], resp.), there exists X ′i such that
the composition f(X) → X ′ → X ′i is a closed immersion. By replacing X
′
i
by the image of X ′ in it, we can assume that OX′i → OX′ is injective, and
hence the kernel of OX′i → Of(X) is locally nilpotent. Therefore, f(X)→ X
′
i
is a thickening, thus X → X ′i is a representable universal homeomorphism
and X ′top := X
′
i is a topological pushout of X
p
←− Y
g
−→ Y ′.
To show the last statement, we note that the properness of X implies
that X ′top is separated over S (Remark 2.5(4)), and hence proper by Remark
2.5(7). 
Lemma 2.21 (cf. [Kol97, Lemma 8.2]). A base change of a geometric
pushout square by a flat morphism is a geometric pushout square.
Proof. A geometric pushout square as in Definition 2.15 is uniquely deter-
mined by the following short exact sequence
0→ OX′ → f∗OX ⊕ q∗OY ′ → (f ◦ p)∗OY
and the fact that X → X ′ is a representable universal homeomorphism.
These properties are preserved under flat base change. 
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Further, we study e´tale morphisms under geometric pushouts.
Proposition 2.22 (cf. [Kol12, Lemma 44]). Let
X1 Y1 Y
′
1
X2 Y2 Y
′
2
be a commutative diagram of schemes such that both squares are Cartesian
and Xi ← Yi → Y
′
i satisfy the assumptions of Definition 2.15 for i ∈ {1, 2}.
Further, suppose that the vertical maps are e´tale and the geometric pushout
X ′2 of the second row exists. Then a geometric pushout X
′
1 of the first row
exists and the induced map X ′1 → X
′
2 is e´tale.
Proof. By Remark 2.5(14) applied to the universal homeomorphism X2 →
X ′2 we can find a scheme X
′
1 and an e´tale morphism X
′
1 → X
′
2 the pullback
of which is X1 → X2. Moreover, the pullback of X
′
1 → X
′
2 to Y
′
2 agrees
with Y ′1 → Y
′
2 by applying Remark 2.5(14) to the universal homeomorphism
Y2 → Y
′
2 . In particular, we get the following commutative diagram
X1 X2 Y2 Y1
X ′1 X
′
2 Y
′
2 Y
′
1 ,
where the bigger square is a pull-back of the smaller square via X ′1 → X
′
2.
By Lemma 2.21 the bigger square is thus a geometric pushout. 
Lemma 2.23. Let X ′ be a geometric pushout of a diagram X ← Y → Y ′
of schemes (algebraic spaces, resp.) satisfying the assumptions of Definition
2.15. Then X ′ is a categorical pushout in the category of schemes (algebraic
spaces, resp.).
Proof. Since algebraic spaces are quotients of schemes, one can reduce to the
case of X, X ′, Y , and Y ′ being schemes (see the end of [Sta14, Tag 07VX]).
By [Sta14, Tag 07SX], it is enough to show that X ′ is a pushout in the
category of schemes (assumptions (3) and (4) are satisfied by Lemma 2.21
and Proposition 2.22, respectively).
We argue as in [Sta14, Tag 0ET0]. Suppose there is a scheme Z and maps
fZ : X → Z and qZ : Y
′ → Z agreeing on Y . We can define h : X ′ → Z as
equal to fZ on the level of topological spaces. Moreover, h is a map of
ringed spaces via OZ → (fZ)∗OX ×(fZ◦p)∗OY (qZ)∗OY ′ = h∗OX′ . In fact, it
is a map of locally ringed spaces (and hence of schemes) as f : X → X ′ is a
universal homeomorphism and fZ is a map of schemes (cf. the last paragraph
of [Sta14, Tag 0ET0]). 
Last, we prove that it is enough to construct geometric pushouts locally.
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Lemma 2.24. Let X
p
←− Y
g
−→ Y ′ be a diagram of schemes (algebraic spaces,
resp.) satisfying the assumptions of Definition 2.15. Then a geometric
pushout of this diagram exists as a scheme (an algebraic space, resp.), if
and only if it exists after pulling back by every open immersion (e´tale mor-
phism, resp.) U → X with U an affine scheme.
Here U
p
←− V
g
−→ V ′ is a pullback of X
p
←− Y
g
−→ Y ′ by an e´tale morphism
U → X if V = U ×X Y and V
′ → Y ′ is the unique e´tale map with the
pullback via g being V → Y (see Remark 2.5(14)). If U is a scheme, then so
are V and V ′ (Remark 2.5(13)). If U → X is an open immersion, then V =
p−1(U) and V ′ = g(V ). Note that U ← V → V ′ satisfies the assumptions
of Definition 2.15.
Proof. If a geometric pushout of X ← Y → Y ′ exists, then it exists after the
pullbacks by Proposition 2.22. As for the implication in the other direction,
we first deal with the case of schemes arguing as in [Sta14, Tag 07RT]. Let
X Y
X ′ Y ′
f
p
g
q
be a push-out diagram of topological spaces such that X ′ = X, f = id, and
q : Y ′ = Y
p
−→ X = X ′ is the natural map induced by p.
We make f into a map of ringed spaces by setting
OX′ := f∗OX ×(f◦p)∗OY q∗OY ′ .
The fact that f is a map of schemes and is a universal homeomorphism can
be checked locally on X and hence follows from the assumptions and Lemma
2.16.
Now, we move to the case of algebraic spaces (cf. [Sta14, Tag 07VX]). Pick
a surjective e´tale map U → X with U a scheme, and construct pushouts U ′
and E′ of the pullbacks of X
p
←− Y
g
−→ Y ′ by U → X and E := U ×X U ⇒
U → X, respectively (they exist by the above paragraph). Then the maps
σ′1, σ
′
2 : E
′ ⇒ U ′ are e´tale by Proposition 2.22. Moreover, they induce an
equivalence relation on U ′; indeed, E → E′ is a universal homeomorphism,
and so by [Sta14, Tag 0DT7] it is enough to construct the identity e : U ′ →
E′, the inversion i : E′ → E′, and the composition map c′ : E′ ×σ′2,U ′,σ′1
E′ → E′ which follow by functoriality of pushouts (we leave details to the
reader). Thus, we can take a quotient X ′ := U ′/E′ as an algebraic space
([Sta14, Tag 02WW]) sitting inside the following diagram:
E U X
E′ U ′ X ′.
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Since the left diagram is Cartesian, X → X ′ is injective (cf. [Sta14, Tag 045Z]).
We claim that the right diagram is Cartesian (and so X → X ′ is a repre-
sentable universal homeomorphism). Indeed, the morphism U → U ′ fac-
torises as
U → U ′ ×X′ X → U
′,
and so U → U ′×X′ X is universally injective. Since X → X
′ is injective, so
is U ′×X′X → U
′. Thus U → U ′×X′X is surjective. Moreover, it is e´tale by
[Sta14, Tag 03FV] as U ′×X′X → X and U → X are e´tale, and hence it is an
isomorphism as U → U ′×X′X is representable (see [Sta14, Tag 02LC]). 
2.5. Conductor squares.
Definition 2.25. We call a commutative diagram
X D
Y C
f g
i
j
a conductor square when f : X → Y is a finite birational map of reduced
Noetherian schemes and D → C is the induced map of the conductors of f
([CT17, Definition 2.25]).
Lemma 2.26. Consider a conductor square as above. Then the diagram
PicX PicD
PicY PicC
i∗
f∗
j∗
g∗
is Cartesian in the 2-category of groupoids.
This stipulates that there exists a functorial one-to-one correspondence be-
tween line bundles LY on Y and triples (LX , LC , φ) where LX and LC are
line bundles on X and C, respectively, and φ : g∗LC → i
∗LX is an isomor-
phism.
Proof. Given a line bundle L on Y , we get an induced triple (f∗L, j∗L, φ),
where φ : g∗j∗L
≃
−→ i∗f∗L.
In the opposite direction, let (LX , LC , φ) be a triple as above and set
LD := i
∗LX . With that one can define a sheaf LY on Y by the formula
LY := ker(f∗LX × j∗LC
i∗−φ◦g∗
−−−−−→ (f ◦ i)∗LD).
To conclude the proof, we need to verify two things. First, that LY is
a line bundle. Second, that given a line bundle L on Y and an induced
triple (f∗L, j∗L, φ), the natural map L→ LY of sheaves to the induced line
bundle on Y is an isomorphism. Both statements can be verified locally,
and hence the proof follows by [Wei13, Milnor Patching Theorem 2.7] as
conductor squares of affine schemes are Milnor squares and finite rank one
projective modules are line bundles ([Sta14, Tag 00NX]). 
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3. Multiplicative perfection in mixed characteristic
Throughout this section, we fix a prime number p > 0 and work over the
base ring Z(p). Given a scheme X over SpecZ(p) we write XQ := X×SpecZ(p)
SpecQ and XFp := X ×SpecZ(p) SpecFp.
3.1. Multiplicative perfection. The key advantage of working in posi-
tive characteristic is the existence of the Frobenius morphism. In mixed
characteristic we shall approximate it by raising to a pn-th power for big
n > 0.
Definition 3.1. Let A be a ring over Z(p). We call the commutative monoid
Aperf := lim−→
x 7→xp
A,
the (multiplicative) perfection of A.
Note that the multiplicative perfection does not preserve the additive
structure.
Remark 3.2. The natural map A→ Aperf induces an inclusion A/∼ →֒ Aperf
of monoids, where a ∼ b if and only if ap
n
= bp
n
for some n≫ 0.
Further, note that for any rings A, B, C over Z(p) there is a natural
isomorphism
(A×B C)
perf ≃ Aperf ×Bperf C
perf .
Definition 3.3. Let L be a line bundle on a scheme X over Z(p). We call
the sheaf of sets
Lperf := lim−→
φn
Lp
n
,
where φn : L
pn → Lp
n+1
with φn(x) = x
p, the perfection of L.
If SpecA = U ⊆ X is an affine subscheme such that L|U ≃ OU , then we
get a sequence of compatible isomorphisms (Lp
n
)|U ≃ OU for every n ≥ 0,
thus Lperf(U) ≃ Aperf .
Define
H0(X,L)perf := lim
−→
φn
H0(X,Lp
n
),
where φn : H
0(X,Lp
n
)→ H0(X,Lp
n+1
) with φn(x) = x
p. When X is quasi-
compact, H0(X,Lperf) = H0(X,L)perf .
3.2. Infinitesimal site up to perfection. The following lemma is vital
in the proofs of the main results of this section.
Lemma 3.4. Let f : X → Y be an affine morphism of schemes over SpecZ(p)
such that f |XQ : XQ → YQ is an isomorphism. Then f
∗ : OperfY → f∗O
perf
X is
an isomorphism if and only if f is a universal homeomorphism.
The key to the results of this article is the local injectivity of f∗ as it
allows for gluing sections and lifting them globally under thickenings. Note
that the other parts of the lemma have been shown in [Kol97, Lemma 8.7]
(see also [Sta14, Tag 0CNF]).
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Proof. If f∗ : OperfY → O
perf
X is an isomorphism, then f is a universal home-
omorphism as well by [Sta14, Tag 0CNF]. Thus, it is enough to show the
converse. For the convenience of the reader, we also show local surjectivity
of f∗.
Since f is affine, the lemma can be reduced to showing that πperf : Bperf →
Aperf is an isomorphism, when π : B → A is a universal homeomorphism such
that the localisation πQ : B[
1
p ]→ A[
1
p ] is an isomorphism.
Pick any element a ∈ A. Since π is a universal homeomorphism, so is its
reduction πp : B/p→ A/p modulo p. Thus, Proposition 2.4 implies that
ap
l
= π(b) + pt
for some l≫ 0, b ∈ B, and t ∈ A.
As π is integral, the B-subalgebra A0 ⊆ A generated by t is a finite B-
module. Given that πQ is an isomorphism, we get p
nA0 ⊆ π(B) for some
n > 0 and hence pnti ∈ π(B) for every i ≥ 0.
Write
ap
k+l
= π(b)p
k
+
pk∑
i=1
(
pk
i
)
π(b)p
k−i(pt)i,
for k ≫ 0. Since pn |
(pk
i
)
for every 0 ≤ i < n and k ≫ 0, the right hand side
is contained in π(B), and hence so is ap
k+l
. In particular, πperf is surjective.
Now, assume that there exist b, b′ ∈ B satisfying π(b) = π(b′). Write
b = b′ + s for some s ∈ B. Since πQ is an isomorphism and π(s) = 0,
there exists n > 0 such that pns = 0. Since πp is a universal homeomor-
phism, Proposition 2.4 implies that sp
k
= pt for some k > 0 and t ∈ B. In
particular, snp
k+1 = (pt)ns = 0 and we get
bp
m
= (b′)p
m
+
npk∑
i=1
(
pm
i
)
(b′)p
m−isi = (b′)p
m
for m ≫ 0. Here we used that pn |
(pm
i
)
for 1 ≤ i ≤ npk and m ≫ 0. As a
consequence πperf is injective which concludes the proof. 
Now, we can prove Lemma 1.11.
Proof of Lemma 1.11. Note that XQ → X is quasi-compact and quasi-
separated, as so is SpecQ → SpecZ(p). Thus, by Lemma 2.18, there exists
a pushout scheme Z := X ⊔XQ YQ sitting inside the following commutative
diagram
Y
Z X
YQ XQ,
h
g
f
20 JAKUB WITASZEK
with g and h being universal homeomorphisms. By construction, h|ZQ : ZQ →
YQ is an isomorphism, and so Lemma 3.4 implies that h
∗ : OperfY → h∗O
perf
Z
is an isomorphism as well. We can conclude the proof as
OperfZ = O
perf
YQ
×
OperfXQ
OperfX . 
The following proposition is a direct consequence of the above lemma.
Proposition 3.5. Let f : X → Y be a universal homeomorphism of quasi-
compact schemes over Z(p), and let L be a line bundle on Y . Then the
following diagram is Cartesian:
H0(Y,L)perf H0(X, f∗L)perf
H0(YQ, L|YQ)
perf H0(XQ, f
∗L|XQ)
perf .
f∗
Proof. By Lemma 1.11, we get the following Cartesian diagram:
Lperf (f∗L)perf
(L|YQ)
perf (f∗L|XQ)
perf ,
f∗
Now, by applying H0 to this diagram, we can conclude the proof. 
3.3. Descending line bundles. The goal of this subsection is to show
Theorem 1.7. Here, PicX denotes the groupoid of line bundles on X, and
PicX [
1
p ] denotes the groupoid of line bundles on X up to inverting p (the
objects of this category being line bundles on X and morphisms being iso-
morphisms of some pn-th powers of these line bundles for n > 0).
Proof of Theorem 1.7. We proceed by Noetherian induction on X.
Step 1. The proposition holds when X and Y are defined over Fp. In-
deed, we have then that O∗Y [
1
p ] → O
∗
X [
1
p ] is an isomorphism (cf. the proof
of [CT17, Lemma 2.1]), and so PicY [
1
p ]→ PicX [
1
p ] is an isomorphism as well.
Step 2. The proposition holds when f : X → Y is a thickening. Indeed,
by Lemma 2.18 (or [Sta14, Tag 07RT]), there exists a pushout scheme Z :=
X ⊔XQ YQ sitting inside the following commutative diagram
Y
Z X
YQ XQ.
h
g
f
As in the proof of Lemma 1.11, we get that h∗ : OperfY → O
perf
Z is an isomor-
phism. Since both g and f are thickenings, h induces an isomorphism of
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reductions Zred → Yred. Invertability of sections does not depend on the in-
finitesimal structure, and so h∗ : O∗Y [
1
p ]→ O
∗
Z [
1
p ] is an isomorphism as well.
As a consequence, h∗ : PicY [
1
p ]→ PicZ [
1
p ] is an isomorphism.
Since flat coherent sheaves of rank one on Noetherian spaces are line
bundles ([Sta14, Tag 00NX]), [Sta14, Tag 08KU] (cf. Lemma 2.26) implies
PicZ = PicYQ ×PicXQ PicX .
By inverting p, we can conclude Step 1.
Step 3. We reduce to the case when both X and Y are reduced. In this
step we assume that the proposition is true for f : X → Y being replaced by
its reduction f red : Xred → Y red. We have the following spacial commutative
diagram:
PicY red PicXred
PicY PicX
PicY red
Q
PicXred
Q
PicYQ PicXQ
The left and the right facets are 2-pullback squares up to inverting p by
Step 2 and the back one is a 2-pullback square up to inverting p by assump-
tion. A composition of two 2-pullback squares stays a 2-pullback square
([Sta14, Tag 02XD]), and so we have the following diagram
PicY PicX PicXred
PicYQ PicXQ PicXred
Q
,
in which the big square and the right square are 2-pullback squares up to
inverting p. Thus the left square is a 2-pullback square up to inverting p as
well ([Sta14, Tag 02XD]).
Step 4. We show the proposition under the assumption that X and Y
are reduced and the proposition holds for every universal homeomorphism
f |W : W → f(W ), where W is a closed subset of X.
By Step 1, we may assume that XQ 6= ∅. Since f : X → Y is a finite
birational map of reduced schemes, it sits in the following conductor square
(cf. [Wei13, I.2.6], [CT17, Subsection 2.6.1]).
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Y X
C D,
f
fD
where C and D are conductors of f . Since f : X → Y is a finite universal
homeomorphism, so is fD : D → C (it is finite by Remark 2.5(9) applied to
D → C → Y ). Note that D is a strict closed subset of X.
As above, we can construct the following spatial diagram.
PicC PicD
PicY PicX
PicCQ PicDQ
PicYQ PicXQ
The top and the bottom facets are 2-pullback squares by Lemma 2.26 and
the back one is a 2-pullback square up to inverting p by the inductive as-
sumption. By the same argument as in Step 3, the front facet is a 2-pullback
square up to inverting p, too. 
Remark 3.6. An analogous argument shows that
O∗Y [
1
p ] O
∗
X [
1
p ]
O∗YQ [
1
p ] O
∗
XQ
[1p ],
f∗
is a pullback square. Other types of functors with this property will be
discussed in [AEMW].
Corollary 3.7. Let X ′ be a Noetherian topological pushout of a diagram
X ← Y → Y ′ of Noetherian algebraic spaces over Z(p) satisfying the as-
sumptions of Definition 2.15 and such that f : Y → Y ′ is a finite universal
homeomorphism. Then
PicX′ PicX ×PicY PicY ′
PicX′
Q
PicXQ ×PicYQ PicY ′Q ,
is a 2-pullback square up to inverting p.
Inverting p commutes with products in the above diagram. Using the
language of 2-categories makes the statement and the proof of this result
incomparably easier and cleaner.
Proof. Construct the following spatial diagram.
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PicX PicY
PicX ×PicY PicY ′ PicY ′
PicXQ PicYQ
PicXQ ×PicYQ PicY ′Q PicY ′Q
The top and the bottom facets are 2-pullback squares by definition and the
right one is a 2-pullback square up to inverting p by Theorem 1.7. By the
same argument as in Step 3 of the above proof, the left facet is a 2-pullback
square up to inverting p, too.
By Theorem 1.7 and the above paragraph, the big square and the right
square in the following diagram
PicX′ PicX ×PicY PicY ′ PicX
PicX′
Q
PicXQ ×PicYQ PicY ′Q PicXQ ,
are 2-pullbacks up to inverting p, hence so is the left one ([Sta14, Tag 02XD]).

4. Pushouts of universal homeomorphisms in mixed
characteristic
The goal of this section is to prove Theorem 4.4. The following proposition
is a key component of its proof.
Proposition 4.1. Let B be a ring and let A′ → B′ be a universal homeo-
morphism of Q-algebras, where B′ := B ⊗Z Q. Then A → B is a universal
homeomorphism where A := B ×B′ A
′ is the pullback of the diagram
B B′
A A′.
i
j
In particular, SpecA is the geometric pushout of SpecB ← SpecB′ →
SpecA′.
Proof. Note that A⊗Z Q = A
′. By Lemma 2.7, we can assume that A and
B are defined over Z(p), and so A
′ = A[1p ] and B
′ = B[1p ].
First, we reduce to the case of A′ → B′ being a finite universal homeo-
morphism. By Proposition 2.2, we can find A′-subalgebras B′λ ⊆ B
′ such
that B′ = lim−→B
′
λ and A
′ → B′λ are finite universal homeomorphisms. For
Bλ := i
−1(B′λ) ⊆ B, we have Bλ[
1
p ] = B
′
λ. Assume that
Aλ := Bλ ×B′λ A
′ → Bλ
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are universal homeomorphisms where Aλ ⊆ A. Then A = lim−→Aλ → B =
lim−→Bλ has a locally nilpotent kernel and is a universal homeomorphism by
Proposition 2.3.
As of now, we can assume that A′ → B′ is finite. Thus, by Proposition
2.2, the morphism A′ → B′ can be factorised as
A′ → A′/I ′ =: B′0 →֒ B
′
1 →֒ . . . →֒ B
′
k := B
′,
where I ′ is a locally nilpotent ideal, and B′i−1 ⊆ B
′
i is an elementary exten-
sion for 1 ≤ i ≤ k. It is enough to prove the proposition for each subsequent
morphism separately, so we may assume that A′ → B′ is either a surjection
with a locally nilpotent ideal, or A′ →֒ B′ is an elementary extension.
First, assume that A′ → B′ is surjective with locally nilpotent ideal I ′.
Then
A = B ×B′ A
′ → B
is also surjective with the kernel 0×B′ I
′ ⊆ A being locally nilpotent. There-
fore, A→ B is a universal homeomorphism.
Thus, we can assume that A′ ⊆ B′ is an elementary extension, i.e. there
exists f ′ ∈ B′ such that A′[f ′] = B′ and f ′2, f ′3 ∈ A′. In particular, A→ B
is an inclusion. Since A is constructed as a product, it is saturated inside
B, that is, if b ∈ B is such that plb ∈ A for some l > 0, then b ∈ A. Indeed,
the image of b in B′ is, by assumption, contained in the image of A′.
Now, by multiplying f ′ ∈ B′ by a power of p, we may assume that f ′ is
the image of an element f ∈ B such that f2, f3 ∈ A. Therefore, for every
b ∈ B, we have f2b ∈ B and plf2b ∈ A for some l > 0, hence f2b ∈ A, and
so f2B ⊆ A.
Consider A/(fB∩A) ⊆ B/fB. We claim that given [b] ∈ B/fB, we have
[bp
k
] ∈ A/(fB ∩ A) for some k > 0. In other words, for b ∈ B, there exists
k > 0, a ∈ A, and b′ ∈ B such that bp
k
= a+ b′f .
Since A′ ⊆ B′ is an elementary extension,
pkb = a1 + a2f
for some k > 0 and a1, a2 ∈ A. Write
ap
k
1 = (p
kb− a2f)
pk
= pkp
k
bp
k
−
(
pk
1
)
p(p
k−1)kbp
k−1a2f + f
2q
= pkp
k
(bp
k
− bp
k−1a2f)︸ ︷︷ ︸
=: a
+f2q,
for some q ∈ B. Since ap
k
1 ∈ A and f
2q ∈ A, we have that pkp
k
a ∈ A, and
so a ∈ A. Write
bp
k
= a+ bp
k−1a2f.
Thus, the claim holds for b′ := bp
k−1a2 ∈ B.
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Now, we will show that bp
k+l
∈ A[f ] ⊆ B for some l > 0. To this end,
take l > 0 such that plb′ = a′1 + a
′
2f for a
′
1, a
′
2 ∈ A and write
bp
k+l
= (a+ b′f)p
l
= ap
l
+ plap
l−1b′f + f2q′
= ap
l
+ ap
l−1(a′1 + a
′
2f)f + f
2q′
= (ap
l
+ (ap
l−1a′2 + q
′)f2)︸ ︷︷ ︸
∈A
+ ap
l−1a′1︸ ︷︷ ︸
∈A
f,
where q′ ∈ B.
By Proposition 2.2 and Lemma 3.4, respectively, A →֒ A[f ] and A[f ] →֒ B
are universal homeomorphisms. Hence A →֒ B is a universal homeomor-
phism. The last assertion of the proposition follows by Lemma 2.16. 
Note that the morphism A→ B need not be finite even when A′ → B′ is so.
Corollary 4.2. Let X be a scheme and let XQ → X
′
Q be a universal homeo-
morphism of schemes. Then a geometric pushout X ′ of X ← XQ → X
′
Q ex-
ists as a scheme. The same statement holds for algebraic spaces if XQ → X
′
Q
is representable.
Proof. The morphism XQ → X is a base change of SpecQ→ SpecZ, hence
it is affine, quasi-compact, and quasi-separated. By Lemma 2.24 it is enough
to construct the pushout locally, hence we can assume that X and XQ
are affine. Then X ′Q is affine by Remark 2.5(12). Now, the corollary is a
consequence of Proposition 4.1. 
Example 4.3. By [Kol97, Lemma 8.4], Corollary 4.2 holds when Z and Q
are replaced by k[t] and k(t) for a positive characteristic field k. However,
when k is of characteristic zero, Corollary 4.2 is false. To see this, take
R := C[t],
B := C[t][x, y],
B′ := C(t)[x, y], and
A′ := C(t)[x2, x3, x+ ty].
Assume that SpecB′ → SpecA′ extends to a universal homeomorphism
SpecB → SpecC. Then this morphismmust factorise as SpecB → SpecA→
SpecC, where A := B ×B′ A
′ ⊆ B. Thus SpecB → SpecA is a universal
homeomorphism as well, and, by Lemma 2.8, A is finitely generated over R.
We shall show that this is not true.
First, xn ∈ A′ for all n ≥ 2 as it is generated by x2 and x3. Moreover,
xnyk ∈ A′ for all n ≥ 2 and k ≥ 0, by induction on k and the formula
xn(x+ ty)k = xnf(x, y) + tkxnyk,
where f(x, y) ∈ B′ and degy f(x, y) < k. Thus
x2B′ ⊆ A′,
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is an ideal and A′/x2B′ ≃ C(t)[x + ty]. Therefore, given b′ ∈ B′, we have
b′ ∈ A′ if and only if
b′ = x2f(x, y) + a0 + a1(x+ ty) + . . . + am(mx(ty)
m−1 + (ty)m),
for m ∈ N, f(x, y) ∈ B′, and ak ∈ C(t) where 0 ≤ k ≤ m.
This implies that given b ∈ B, we have b ∈ A if and only if
b = x2f(x, y) + a0 + a1(x+ ty) + . . .+ am(mxy
m−1 + tym),
for m ∈ N, f(x, y) ∈ B, and ak ∈ C[t]. In particular, we see that
A/(xB ∩A) ≃ C[t][ty, . . . , tyk, . . .]
which is not finitely generated over R, and so neither is A. The same holds
true for C[t](t) instead of C[t].
This argument does not provide a counterexample to Corollary 4.2, with
t, from above, replaced by a prime number p, i.e. for
A′ = Q[x2, x3, x+ py] ⊆ Q[x, y] =: B′, and B = Z(p)[x, y].
What is different is that xyp−1 + yp ∈ A as
(x+ py)p ≡ pp(xyp−1 + yp) mod x2.
It is not difficult to see that, in this setting, A is generated by x2yi for
0 ≤ i < p, x3yj for 0 ≤ j < p, mxym−1 + pym for 1 ≤ m < p, and
xyp−1 + yp.
We are ready to give a proof of Theorem 1.6.
Theorem 4.4 (cf. Theorem 1.6). Let X
p
←− Y
g
−→ Y ′ be a diagram of schemes
or algebraic spaces such that p is representable, quasi-compact, and sepa-
rated, and g is a representable universal homeomorphism. Assume that a
topological pushout of XQ ← YQ → Y
′
Q exists as a scheme or an algebraic
space, respectively. Then a geometric pushout of X ← Y → Y ′ exists as a
scheme or an algebraic space, respectively.
Proof. By Lemma 2.18 a geometric pushout of XQ ← YQ → Y
′
Q exists, and
by Lemma 2.24 we can assume that X, Y , Y ′ are schemes, while preserving
the fact that a geometric pushout of XQ ← YQ → Y
′
Q exists. By Remark
2.5(13) the geometric pushout Z of XQ ← YQ → Y
′
Q is then also a scheme.
We split the proof into four steps.
Step 1. We reduce to the case when YQ → Y
′
Q is an isomorphism.
Let X˜ be the geometric pushout of Z ← XQ → X which exists by Corol-
lary 4.2. Let Y˜ ⊆ X˜ × Y ′ be the image of the map Y → X˜ × Y ′ induced by
Y → X → X˜ and Y → Y ′.
YQ XQ X Y
Y ′Q Z X˜ Y˜ Y
′
p p
p˜
g˜
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By construction, Y → Y˜ is surjective, and so both Y → Y˜ and Y˜ → Y ′ are
universal homeomorphisms by Lemma 2.6. Moreover, YQ → X˜Q factorises
through Y ′Q → Z ≃ X˜Q, thus
Y˜Q = im(YQ → X˜Q × Y
′
Q) ≃ Y
′
Q.
By Lemma 2.18, it is enough to construct a geometric pushout X˜ ′ of X˜ ←
Y˜ → Y ′. Therefore, by replacing X ← Y → Y ′ by this diagram, we can
assume that YQ → Y
′
Q is an isomorphism. Note that p˜ is quasi-compact and
separated by Remark 2.5(2)(4), and so the assumptions of Theorem 4.4 are
preserved.
Step 2. We reduce to the case of p being affine or a contraction.
By Lemma 2.24 we can assume that X is affine, while preserving the
fact that p is quasi-compact separated and YQ → Y
′
Q is an isomorphism.
Since X is affine, both X and Y are quasi-compact and separated. Thus, by
the Zariski-Nagata compactification and the Stein factorisation (cf. [Tem11,
Theorem 1.1.3], [Sta14, Tag 03H2]), the separated morphism Y → X can
be factored as Y → X1 → X0 → X, where the first and the third map are
affine, and the second one is a contraction. Then, using Step 3 and Step
4, we can construct geometric pushouts X ′1, X
′
0, and X
′ of X1 ← Y → Y
′,
X0 ← X1 → X
′
1, andX ← X0 → X
′
0, respectively. Note that these pushouts
are trivial over Q.
X X0 X1 Y
X ′ X ′0 X
′
1 Y
′
By standard diagram chase, X ′ is the geometric pushout of X ← Y → Y ′.
Step 3. We assume that p is affine (cf. [Kol97, Lemma 8.9]).
By Lemma 2.24 we can assume that X is affine, while preserving the fact
that p is affine and YQ → Y
′
Q is an isomorphism. In particular, Y and Y
′
are affine as well (see Remark 2.5(12)). Let X ′ = SpecA ×B B
′, where
X ← Y → Y ′ corresponds to A→ B ← B′. By Lemma 2.16, the diagram
X = SpecA SpecB = Y
X ′ = SpecA×B B
′ SpecB′ = Y ′
is a geometric pushout provided that X → X ′ is a universal homeomor-
phism. To show that this is the case, we can assume that X and X ′ are
defined over Z(p) by Lemma 2.7. Then Lemma 3.4 shows that B
perf ≃ B′perf .
Thus
Aperf ← (A×B B
′)perf = Aperf ×Bperf B
′perf ≃ Aperf
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is an isomorphism, and so by Lemma 3.4 again, X → X ′ is a universal
homeomorphism.
Step 4. We assume that p is a contraction.
By Lemma 2.24 we can assume that X is affine, while preserving the fact
that p is a contraction and YQ → Y
′
Q is an isomorphism. In particular, Y
and Y ′ are quasi-compact. Set X ′ := SpecH0(Y ′,OY ′). Since H
0(Y,OY ) =
H0(X,OX ), we get a commutative diagram (cf. [Sta14, Tag 01I1]):
X Y
X ′ Y ′.
f
p
g
q
To show that f : X → X ′ is a universal homeomorphism, we can assume that
the spaces are defined over Z(p) by Lemma 2.7. Then we haveH
0(X,OX )
perf =
H0(Y,OY )
perf = H0(Y ′,OY ′)
perf (by Lemma 3.4 and quasi-compactness of
Y and Y ′). Hence, by Lemma 3.4, X → X ′ is a universal homeomorphism,
and the geometric pushout exists by Lemma 2.18. 
Using Corollary 4.2, we also show the following lemma (generalising [Kee99,
Lemma 2.1]) which is essential in the proof of Theorem 1.5.
Lemma 4.5. Let X be a quasi-compact quasi-separated algebraic space and
let
R
f
−→ E
p
−−⇒
q
X
be maps of algebraic spaces such that p, q are representable quasi-compact
quasi-separated, f is a representable universal homeomorphism, and p ◦ f =
q ◦ f . Assume that there exists a representable universal homeomorphism
XQ → X
′
Q such that the two composite morphisms EQ ⇒ XQ → X
′
Q are
identical. Then there exists a representable universal homeomorphism X →
X ′ such that the two composite morphisms E ⇒ X → X ′ are identical.
The lemma also holds in the category of schemes in which case the as-
sumption on the quasi-compactness and quasi-separatedness of X is not
necessary.
Proof. By replacing X by the geometric pushout of X ← XQ → X
′
Q, which
exists by Corollary 4.2, we can assume that p|EQ = q|EQ.
First, we deal with the case when the spaces in question are schemes.
To this end, we reduce the lemma to when fQ : RQ → EQ is an isomor-
phism. Let E′ be the geometric pushout (and hence a categorical pushout)
of R ← RQ → EQ. Then the induced map f
′ : E′ → E is a universal
homeomorphism and an isomorphism over Q (see Lemma 2.18). Moreover,
p◦f ′ = q◦f ′ by the universal property of categorical pushouts as p◦f = q◦f
and pQ = qQ. Thus, we can conclude the reduction process by replacing R
by E′.
Set X ′ = X as topological spaces and endow X ′ with a structure of
a ringed space by setting OX′ := ker(OX
p∗−q∗
−−−−→ p∗OE). Note that since
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R = E topologically, we have a natural identification p∗OE = q∗OE . We
claim that OX′(U)→ OX(U) is a universal homeomorphism for every affine
open subset U ⊂ X. To show the claim we can assume that our spaces are
defined over Z(p) by Lemma 2.7. Then, by Lemma 3.4, O
perf
E = O
perf
R , and
so OperfX′ = O
perf
X . The claim follows by Lemma 3.4 again.
Now, we claim that X ′|U = SpecOX′(U), and so X
′ is a scheme with
the induced map g : X → X ′ being a universal homeomorphism. By the
above paragraph, U = X ′|U = SpecOX′(U) topologically. Now, by quasi-
coherence of p∗OE and exactness of localisation, we get that
OX′(D(f)) = OX′(U)f ′ ,
where f ′ ∈ OX′(U), its image in OX(U) is denoted by f , and D(f) ⊆ U
is the complement of the locus where f = 0 (cf. [Sta14, Tag 01Z8]). This
concludes the proof of the claim. That g ◦p = g ◦ q, follows by construction.
Now we show the lemma for algebraic spaces. Let U → X be a surjective
e´tale morphism from an affine scheme U (which exists by [Sta14, Tag 03H6]
as X is quasi-compact), and let RU , E
p
U , and E
q
U be its pullbacks via p◦f , p,
and q, respectively. Since the pullbacks of EpU and E
q
U under f are isomorphic
to RU , we have a natural isomorphism E
p
U ≃ E
q
U =: EU by Remark 2.5(14),
and so two maps pU , qU : EU ⇒ U . Moreover, (pU )Q = (qU)Q.
Therefore, by the above paragraph, we can construct a universal home-
omorphism gU : U → U
′ equalising pU and qU , and such that UQ ≃ U
′
Q.
Since U is affine and X is quasi-separated, the morphism U → X is rep-
resentable quasi-compact and separated (Remark 2.5(1)(3)). By Theorem
4.4, we can construct a geometric pushout X ′ of X ← U → U ′ sitting inside
the following diagram:
R E X X ′
RU EU U U
′.
f
q
p g
fU
qU
pU gU
In particular, the two compositions EU → E ⇒ X → X
′ are identical,
and since EU → E is faithfully flat (and thus OE → OEU is injective by
[Sta14, Tag 08WP]), the two compositions E ⇒ X → X ′ are identical,
too. 
5. Gluing of semiampleness
In order to prove Theorem 1.2 and Corollary 1.3 we need to understand
semiampleness on non-irreducible schemes.
5.1. Gluing. The following propositions follow by the strategy of Keel given
our Theorem 4.4 and Corollary 3.7.
Proposition 5.1 (cf. [Kee99, Corollary 2.9]). Let X be a reduced scheme
projective over a Noetherian base scheme S and such that X = X1 ∪ X2
for two closed subschemes X1 and X2. Let L be a line bundle on X such
that L|X1 , L|X2 , and L|XQ are semiample (EWM, resp.). Let g2 : X2 → Z
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be a morphism associated to L|X2 . Assume that g2|X1∩X2 has geometrically
connected fibres. Then L is semiample (EWM, resp.).
Proof. We can assume that S is affine. Let X1,2 := X1 ∩X2 be the scheme
theoretic interesection (in particular, it need not be reduced). Let g1 : X1 →
Z1, g2 : X2 → Z2, and g1,2 : X1,2 → V1,2 be the morphisms associated to
L|X1 , L|X2 , and L|X1,2 , respectively. Let
V1,2
fi−→ Vi →֒ Zi
be factorisations through the images Vi of V1,2 in Zi. Note that fi are proper
(Remark 2.5(8)) with finite fibres, hence they are finite (Remark 2.5(11)).
Moreover, since g2|X1,2 has geometrically connected fibres, we get that f2 is
a finite universal homeomorphism.
We claim that a topological pushout of (V1)Q ← (V1,2)Q → (V2)Q exists.
Indeed, let gQ : XQ → Z
′ be a map associated to L|XQ and let V
′ ⊆ Z ′
be the image of (X1,2)Q. By construction, we get maps (V1)Q, (V2)Q →
V ′ such that (V1)Q → V
′ is proper (Remark 2.5(8)) and a bijection on
points (as g2|(X1,2)Q has geometrically connected fibres), hence it is a finite
universal homeomorphism (Remark 2.5(11)). In particular, V ′ is the sought-
for topological pushout.
Therefore, by Theorem 4.4, there exists a geometric pushout V of V1 ←
V1,2 → V2 sitting in the following diagram
X1 X1,2 X2
V1,2
Z1 V1 V2 Z2
V.
g1
g1,2
g2
f1 f2
h1 h2
By definition f∗2 : OV2 → (f2)∗OV1,2 is injective, and hence so is h
∗
1 : OV →
(h1)∗OV1 (Remark 2.17(4)). Thus, by Lemma 2.8, V is proper over S. Since
V1 and V2 are of finite type, the morphisms h1 and h2 are finite (cf. Remark
2.17).
First, we consider the EWM case. To this end, let Z ′1, Z
′
2, and Z be the
pushouts of Z1 ←֓ V1 → V , V ← V2 →֒ Z2, and Z
′
1 ←֓ V →֒ Z
′
2 (equivalently
V ← V ⊔V →֒ Z ′1 ⊔Z
′
2), respectively, which exist and are of finite type over
S by Theorem 2.1. By Remark 2.5(4)(7), Z ′1, Z
′
2, and Z are proper. The
induced map X → Z is proper (as it is a map between proper spaces) and
is associated to L. Such a map exists, because X is a categorical pushout
of X1 ←֓ X1,2 →֒ X2 ([Sta14, Tag 0C4J]).
Now, we move on to the semiample case of the proposition in which case V
is a scheme. Up to replacing L by some power, the line bundles L|X1 , L|X1,2 ,
and L|X2 induce ample line bundles AZ1 , AZ2 , AV1,2 on Z1, Z2, and V1,2, re-
spectively. Let AV1 := AZ1 |V1 and let AV2 := AZ2 |V2 . By construction, these
line bundles induce an element (AV1 , AV2 , φ) ∈ PicV1 ×PicV1,2 PicV2 where φ
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is an isomorphism of their restriction to V1,2. Now let AVQ ∈ PicVQ be a
line bundle on VQ given as a pullback via VQ → V
′ ⊆ Z ′ of the line bundle
induced by the semiample fibration gQ : XQ → Z
′ of L|XQ . These construc-
tions provide an isomorphism between the restrictions of (AV1 , AV2 , φ) and
AVQ to Pic(V1)Q ×Pic(V1,2)Q Pic(V2)Q . Therefore, Corollary 3.7 implies the ex-
istence of a compatible line bundle AV ∈ PicV up to replacing L by some
power. In particular, there is a map
AV → (h1)∗AV1 ×(h1◦f1)∗AV1,2 (h2)∗AV2 ,
of quasi-coherent sheaves. In fact, this is an isomorphism as can be checked
locally in which case this is equivalent to V being a geometric pushout.
Moreover, AV is ample by [Sta14, Tag 0B5V].
We get the following diagram
H0(Z1, AZ1) H
0(V1,2, AV1,2) H
0(Z2, AZ2)
H0(V1, AV1) H
0(V1,2, AV1,2) H
0(V2, AV2).
=
where the vertical arrows, up to replacing L by a multiple, are surjective
by Serre vanishing. The fibre product of the bottom row is H0(V,AV ) (as
proved in the above paragraph), and since H0(Xi, L|Xi) = H
0(Zi, AZi) and
H0(X1,2, L|X1,2) = H
0(V1,2, AV1,2) the fibre product of the upper row is
H0(X,L) (cf. [Sta14, Tag 0B7M]). Hence, we get a surjective map between
the fibre products of both rows
H0(X,L)→ H0(V,AV ),
and so the base locus of L is disjoint from X1,2. When lifting sections via
H0(Xi, L|Xi) = H
0(Zi, AZi)→ H
0(Vi, AVi) we can assume that they do not
vanish at any given point disjoint from X1,2, and hence L is semiample. 
Proposition 5.2 (cf. [Kee99, Lemma 2.10]). Let X be a reduced scheme
projective over an excellent Noetherian base scheme S. Let π : Y → X be its
normalisation with C ⊆ X and D ⊆ Y being the conductors. Let L be a line
bundle on X such that π∗L, L|C , and L|XQ are semiample (EWM, resp.),
and let g : Y → Z be the morphism associated to π∗L. Assume that g|D has
geometrically connected fibres. Then L is semiample (EWM, resp.).
Proof. Note that X is a categorical pushout of Y ←֓ D → C (see [CT17,
Proposition 2.29] and [Sta14, Tag 0E25]).
Let gD : D → V and gC : C → V2 be the morphisms associated to π
∗L|D
and L|C , respectively. These morphisms lie in the following diagram
D
Y V C
Z V1 V2 V2,
gD
pi|D
g
f1 f2 gC
=
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where V1 is the image of D under g. Since g|D has geometrically connected
fibres, we get that f1 is a universal homeomorphism.
Arguing as in the proof of the above proposition, we can construct pushouts
V ′ and Z ′ of V1 ← V → V2 and Z ← V1 → V
′, respectively. We get an
induced map X → Z ′ which is one associated to L in the EWM case. In the
semiample case, we proceed mutatis mutandis as in the proof of the above
proposition. 
For the proof of Corollary 1.3, we also need the following result.
Proposition 5.3 (cf. [Kee99, Corollary 2.12 and 2.14]). Proposition 5.1 and
Proposition 5.2 hold true for when g2|X1∩X2 and g|D, respectively, have all
geometric fibres, except for a finite number over closed points, being con-
nected, provided we assume in the semiample case that S
Fp
is of finite type
over Fp for every prime p.
Proof. We focus on the case of Proposition 5.1 as the case of Proposition
5.2 is analogous. Let T ⊆ V2 be the finite set of closed points over which
the fibres of g2|X1,2 are not connected and set G := g
−1
2 (T ). We would like
to apply Proposition 5.1 to (X1 ∪ G) ∪X2. To this end, we need to verify
that L|X1∪G is semiample (EWM, resp.).
Let g1 : X1 → Z1 be the morphism associated to L|X1 . Since g1(X1 ∩G)
is a finite number of points, we have that L|G′ is numerically trivial where
G′ := g−11 (g1(X1 ∩ G)). Now, we apply Proposition 5.1 again to X1 ∪ (G ∪
G′), wherein L|G∪G′ is numerically trivial, and hence semiample as each
connected component of G∪G′ is of finite type over Fp or Fp (EWM, resp.)
for some possibly different prime numbers p (cf. [Kee99, Lemma 2.16]). This
concludes the proof. 
6. Proofs of the main theorems
6.1. Keel’s base point free theorem in mixed characteristic. As
pointed out in the introduction, the key to the proof of Theorem 1.2 is
Theorem 1.10.
In what follows, we consider a category of pairs (X,LX ) consisting of a
scheme with a line bundle LX on it, and we denote by f : (X,LX)→ (Y,LY )
a data of a morphism f : X → Y together with an isomorphism f∗LY ≃ LX .
Proof of Theorem 1.10. We start with the EWM case of the theorem. Let
g : Xred → Z be a map associated to L|Xred . We claim that there exists a
topological pushout Z ′ of X ← Xred → Z which is proper over S. To this
end, let XQ → Z
′
Q be a contraction associated to L|XQ . The induced map
ZQ → Z
′
Q is proper (Remark 2.5(8)) and a bijection on geometric points,
hence a finite universal homeomorphism (Remark 2.5(11)). Thus, Z ′Q is
a topological pushout of XQ ← X
red
Q → ZQ, and hence the claim follows
by Theorem 4.4 and Lemma 2.20. Now, the induced map X → Z ′ is one
associated to L.
We move on to the semiample case. We can assume that S is an affine
Noetherian scheme over Z(p) where p is a prime number. The semiample line
bundles L|Xred , L|Xred
Q
, and L|XQ , up to replacing L by some power, induce
the following commutative diagram
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(X,L) (XQ, L|XQ)
(Xred, L|Xred) (X
red
Q , L|Xred
Q
)
(Z,A) (ZQ, AQ)
(Z ′Q, A
′
Q),
where A, AQ, and A
′
Q are ample. Furthermore, since X
red
Q → XQ is a uni-
versal homeomorphism, so is ZQ → Z
′
Q (but it need not necessary be a
thickening). By Corollary 4.2 and Lemma 2.20 we can construct a topolog-
ical pushout Z ′ of Z ← ZQ → Z
′
Q which is proper over S. Since Z is of
finite type, the induced map Z → Z ′ is a finite universal homeomorphism.
Thus, by Theorem 1.7, up to replacing L by some power, we can extend the
bottom left corner of the above diagram to a commutative square
(Z,A) (ZQ, AQ)
(Z ′, A′) (Z ′Q, A
′
Q),
such that A′ is ample (see [Sta14, Tag 0B5V]). Applying (H0)perf , we get a
diagram
H0(X,L)perf H0(XQ, L|XQ)
perf
H0(Xred, L|Xred)
perf H0(XredQ , L|Xred
Q
)perf
H0(Z ′, A′)perf H0(Z ′Q, A
′
Q)
perf ,
where the left bent arrow exists by the Cartesianity of the upper square
(see Proposition 3.5) and the fact that H0(Z ′, A′)perf maps compatibly to
all other spaces in the above diagram. Since A′ is ample and Z ′ is of finite
type over S, we get that A′ is semiample (cf. [Sta14, Tag 01VS]), and thus
so is L. 
One could also tackle the semiample case of Theorem 1.10 by Theorem 4.4
and Corollary 3.7, but we believe that the above proof shows better what is
really happening.
Theorem 6.1 (Theorem 1.2). Let L be a nef line bundle on a scheme X
projective over an excellent Noetherian base scheme S. Then L is semiample
over S if and only if both L|E(L) and L|XQ are so. If S is of finite type over a
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mixed characteristic Dedekind domain, then L is EWM if and only if L|E(L)
and L|XQ are EWM.
Proof. We can assume that S is affine. We proceed by Noetherian induction
on X as in [Kee99]. By Theorem 1.10, we can assume that X is reduced.
First, we reduce to the case of X being irreducible. If E(L) = X, then we
are done, so may assume that there exists an irreducible component X1 ⊆ X
such that L|X1 is big. Let X2 ⊆ X be the union of all the other irreducible
components. Write
X = X1 ∪ (X2 ∪ E(L)).
Assume that L|X1 is semiample (EWM, resp.) and let g1 : X1 → Z1 be an
associated morphism. The exceptional locus of g1 is contained in E(L), and
hence g1 has geometrically connected fibres on X1 ∩ (X2 ∪ E(L)). Thus L
is semiample (EWM, resp.) if L|X2∪E(L) is semiample (EWM, resp.) by
Proposition 5.1. Repeating this process for X2 ∪ E(L) we see that it is
enough to show the theorem for X being irreducible. In particular, we can
assume that S is integral.
By definition, L = A +D where A is an ample Q-Cartier Q-divisor and
D is Q-effective. Up to replacing L by a multiple, we can assume that A is
Cartier and D is effective. By induction, L|mD is semiample (EWM, resp.)
for every m ∈ N.
In the semiample case, pick k ≫ m≫ 0 divisible enough so that kL|mD is
base point free and kA is very ample. Consider the following exact sequence
H0(X,OX (kL))→ H
0(mD,OmD(kL|mD))→ H
1(X,OX (kL−mD)) = 0,
wherein the last cohomology group is zero by the Fujita vanishing ([Kee03b,
Theorem 1.5] and [Kee18]) as kL−mD = mA+ (k−m)L. Thus kL has no
base points along D and hence is base point free as kL = kA+ kD and kA
is very ample.
The EWM case follows from [Art70, Theorem 3.1 and Theorem 6.2] as in
[Kee99, Proposition 1.6]. Here, we need to assume that S is of finite type
over an excellent Dedekind domain to apply [Art70]. 
6.2. Quotients by finite equivalence relations in mixed character-
istic. As in Subsection 2.2, all geometric quotients are assumed to be sep-
arated and of finite type over a Noetherian base scheme S. The following
lemma allows for constructing quotients of non-reduced schemes.
Lemma 6.2. Let X be a separated algebraic space of finite type over a
Noetherian base scheme S. Let E ⇒ X be a finite, set theoretical equiva-
lence relation and assume that the quotients XQ/EQ and Xred/Ered exist as
separated algebraic spaces of finite type over S, where Xred and Ered are re-
ductions of X and E, respectively. Then the geometric quotient X/E exists
as a separated algebraic space of finite type over S.
Proof. Consider the following commutative diagram
Ered Xred Xred/Ered
E X Y,
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where Y is the geometric pushout of X ← Xred → Xred/Ered. Such a
pushout exists by Theorem 4.4 as XQ ← XQ,red → XQ,red/EQ,red admits a
topological pushout in the form of XQ/EQ. Here, the map
XQ,red/EQ,red → XQ/EQ
is proper (Remark 2.5(7)), and a bijection on geometric points, hence a finite
universal homeomorphism (Remark 2.5(11)). Moreover the map X → Y is
integral (Remark 2.17(2)) and the map YQ → XQ/EQ is a representable
universal homeomorphism (Lemma 2.18).
We know that two compositions Ered → E ⇒ Y coincide. Moreover,
the compositions EQ ⇒ YQ → XQ/EQ coincide as well and Y is quasi-
compact quasi-separated (Remark 2.17(3)), so by Lemma 4.5 there exists a
representable universal homeomorphism Y → Y ′ such that the compositions
E ⇒ X → Y → Y ′ coincide. Thus a geometric quotient X/E exists by
Theorem 2.11. 
Our proof of Theorem 1.4 follows closely the strategy of Kolla´r from
[Kol12, Section 4] with the new component being Theorem 4.4.
Proof of Theorem 1.4. We prove the theorem by induction on dimension.
Set d = dimX. By Lemma 6.2, we can assume that X and E are reduced.
First we show the theorem under the assumption that X is normal. To
this end, we set Ed ⊆ E and Xd ⊆ X to be the unions of d-dimensional
irreducible components of E and X, respectively. Write X = Xd ⊔ X<d,
whereX<d is the union of all the other components ofX. By [Kol12, Lemma
28], Ed ⇒ Xd is a set theoretic finite equivalence relation and the geometric
quotient Xd/Ed exists by [Kol12, Lemma 21]. Define X/Ed := Xd/Ed ⊔
X<d.
Let Z ⊆ X be a reduced closed subscheme of dimension lower than d such
that Z is closed under E and the equivalences E|X\Z and E
d|X\Z coincide.
For example, set Z = σ2(σ
−1
1 (X
<d ∪ σ2(E \ E
d))). Consider the following
diagram
Z X
Z ′ X/Ed,
where Z ′ is the image of Z in X/Ed, and Z → Z ′ is finite. We have that
E|Z ⇒ Z is a finite set theoretic equivalence relation on Z and since the
geometric fibres of Z → Z ′ are subsets of E-equivalence classes, we get an
induced equivalence relation EZ′ ⇒ Z
′ (see [Kol12, Definition 26]).
Since XQ/EQ exists, [Kol12, Corollary 18] implies that Z
′
Q/EZ′,Q exists
too, and, by induction, so does the geometric quotient Z ′/EZ′ . By Theorem
2.1, there exists a pushout
Z ′ X/Ed
Z ′/EZ′ Y,
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with X/Ed → Y finite and Y being an algebraic space of finite type over S
(and separated by Remark 2.5(4)). Since X/Ed → Y equalises E ⇒ X/Ed,
Theorem 2.11 implies the existence of X/E, which, in fact, coincides with Y
as being a categorical pushout of the above diagram is equivalent to being
a categorical quotient of X/Ed by E (see [Kol12, Proposition 25]).
We move to the case when X is not necessarily normal. Let g : X˜ → X
be its normalisation (which is finite by [Sta14, Tag 0BB5]), let E˜ be the
pullback of E (see [Kol12, Definition 26]), and let q : X˜ → X˜/E˜ be the
geometric quotient which exists by the above paragraphs. Set X∗ to be the
image of X˜ under the diagonal map (q, g) : X˜ → (X˜/E˜)×S X.
Since X˜ is separated (as so is X), the diagonal map X˜ → X˜ ×S X˜ is
a closed immersion and (q, g) is finite. Thus X˜ → X∗ is proper (Remark
2.5(8)), and so X∗ → X˜/E˜ and X∗ → X are proper as well (Remark
2.5(7)(4)). Since the fibres of X˜ → X are contained in the equivalence
classes of E˜, the map X∗ → X is a bijection on geometric points, and so a
finite universal homeomorphism (Remark 2.5(11)).
The diagram X˜Q/E˜Q ← X
∗
Q → XQ admits a topological pushout in the
form of XQ/EQ. Indeed, the composite map X˜Q → X˜Q/E˜Q → XQ/EQ is
finite, and so X˜Q/E˜Q → XQ/EQ is proper (Remark 2.5(7)); as it is also a
bijection on geometric points, it must be a finite universal homeomorphism
(Remark 2.5(11)). Thus Theorem 4.4 implies that the geometric pushout,
say W , of X˜/E˜ ← X∗ → X exists.
X˜
X∗ X
X˜/E˜ W.
Moreover, E is a set theoretic equivalence relation over W (as OE → OE˜
is injective due to X and E being reduced), and so the geometric quotient
X/E exists by Theorem 2.11. Note that X → W is integral by Remark
2.17. 
6.3. Quotients by affine algebraic groups in mixed characteristic.
Now, we move on to the proof of Theorem 1.5. To this end, we need the
following lemma.
Lemma 6.3. Let G be an affine algebraic group scheme, flat and of finite
type over a Noetherian base scheme S, let X and Y be separated algebraic
spaces of finite type over S admitting a proper action of G, and let f : X → Y
be a finite and universal G-homeomorphism. If the geometric quotient Y/G
exists, then so does X/G. Conversely, if both X/G and YQ/GQ exist, then
so does Y/G.
Proof. If the geometric quotient Y/G exists, then X/G exists by applying
Theorem 2.13 to X → Y → Y/G.
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Thus, we can assume that X/G and YQ/GQ exist. Since YQ/GQ is a topo-
logical pushout of XQ/GQ ← XQ → YQ (see Remark 2.14(5)), a geometric
pushout Z of X/G← X → Y exists by Theorem 4.4.
We claim that there exists a representable universal homeomorphism Z →
Z ′ such that the composite map Y → Z → Z ′ is a G-morphism with Z
endowed with a trivial G-action. To this end, we consider the following
commutative diagram:
X/G×G X ×G Y ×G
X/G X Y,
mX/G mX mY
where the vertical arrows are given by G-actions. In particular, we get an
induced map mZ : Z ×G between the pushouts of both rows, such that the
following diagram
X/G×G Z ×G
X/G Z
mX/G mZ
is commutative. Since mX/G is a projection, the two composite maps
X/G×G→ Z ×G
pi
−−−−⇒
mZ
Z
are identical, where π is a projection.
By Lemma 2.18, there exists a representable universal homeomorphism
ZQ → YQ/GQ. Further, the two composite maps
ZQ ×GQ
pi
−−−−⇒
mZ
ZQ → YQ/GQ
are identical (here we used that mZQ : ZQ × GQ → ZQ is compatible with
mYQ/GQ : YQ/GQ × GQ → YQ/GQ). Hence, we can invoke Lemma 4.5 to
get a representable universal homeomorphism Z → Z ′ such that the two
composite maps Z × G ⇒ Z → Z ′ are identical. This concludes the proof
of the claim.
Given the claim, the geometric quotient Y/G exists by Theorem 2.13
applied to Y → Z ′. 
Note that a normalisation of an excellent scheme is finite ([Sta14, Tag 07QV
and 035S]).
Proof of Theorem 1.5. Note that XQ/GQ exists by the characteristic zero
case of the theorem (see [Vie95, Theorem 9.16] for when SQ is of finite type
over a field).
We follow the strategy described in [Kol97, 5.7]. By [Kol97, Theorem 5.6],
the action of G on X lifts to the seminormalisation Xsn of the reduction of
X. By Lemma 6.3, it is enough to show that a geometric quotient Xsn/G
exists. Hence we can assume that X is seminormal and reduced.
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By [Kol97, Proposition 4.1], the action ofG onX lifts to the normalisation
Xn of X and, by [Kol97, Theorem 4.3], the geometric quotient Xn/G exists.
Let C ⊆ X and D ⊆ Xn be the conductor schemes. We must have that C
is G-invariant, and so D admits a proper action of G. Moreover, it admits
a topological quotient D → DXn/G, where DXn/G is the image of D in
Xn/G. Hence the geometric quotient D/G exists by Theorem 2.13 and the
induced map D/G→ DXn/G is a finite universal homeomorphism. We can
assume that the geometric quotient C/G exists by Noetherian induction.
The induced map D/G→ C/G is finite by Remark 2.14.
In [Kol97, Theorem 5.8], it is shown that the geometric quotient X/G
exists provided that the geometric quotients Xn/G, C/G, and a topological
pushout of C/G ← D/G → DXn/G (with the maps from C/G and DXn/G
to the pushout being finite) exist. Note that the image CXQ/GQ of CQ in
XQ/GQ is a topological pushout of CQ/GQ ← DQ/GQ → (DXn/G)Q, as
CQ/GQ → CXQ/GQ is a finite universal homeomorphism (Theorem 2.13).
Hence, we can invoke Theorem 4.4 to get a geometric pushout and Lemma
2.20 to get a topological pushout Z of C/G← D/G→ DXn/G of finite type
over S. Then C/G → Z and DXn/G → Z are integral (Remark 2.17) and
hence finite as C/G and DXn/G are of finite type over S. 
Remark 6.4. Let h : G′ → G be a universal homeomorphism of flat group
schemes of finite type over a Noetherian base scheme S. By the same argu-
ment as in Lemma 6.3, one can show that a geometric quotient by a proper
action of G exists if and only if a geometric quotient by a proper action of G′
exists, provided that both quotients exist over Q. This allows for weakening
the assumptions of Theorem 1.5.
6.4. Base point free theorem in mixed characteristic. Throughout
this subsection, we assume that S is a quasi-projective scheme defined over a
Dedekind domain of mixed characteristic. Theorem 6.1 immediately implies
the existence of plt contractions for mixed characteristic threefolds.
Corollary 6.5. let (X,D + B) be a plt pair on a normal integral mixed
characteristic scheme X of global dimension three which is projective over
S, with D being a normal irreducible divisor. Let L be a nef line bundle
on X such that L − (KX + D + B) is ample and E(L) ⊆ D. Then L is
semiample.
Proof. By adjunction, [Tan18, Theorem 4.2], and [Tan16, Theorem 1.1], L|D
is semiample, and so L|E(L) is semiample as well. Moreover, L|XQ is semi-
ample by the base point free theorem in characteristic zero (cf. [BCHM10,
Theorem 3.9.1] or [HK10, Theorem 5.1]). Hence, L is semiample by Theorem
6.1. 
We move on to the proof of Corollary 6.7. To this end, we need the
following result.
Proposition 6.6. Let L be a nef line bundle on a normal integral mixed
characteristic scheme X projective over S. Assume that the global dimension
of X is two and L|XQ is semiample. Then L is EWM, and if SFp is of finite
type over Fp for every prime p, then L semiample.
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Proof. By Stein factorisation, we can assume that π∗OX = OS , where
π : X → S is the projection. In particular, we may assume that S is integral
and normal. We divide the proof into two cases depending on whether L|XQ
is big and nef or not.
In the former case, we can apply Theorem 6.1 and reduce to showing that
L|E(L) is EWM (semiample, resp.). But E(L) is a one dimensional scheme,
and so L|E(L) is EWM (semiample if SFp is of finite type over Fp for every
prime p).
In the latter case, dimS = 1, and so S is an open subset of a spectrum
of a Dedekind domain ([Sta14, Tag 09IG]). Moreover, L|XQ ∼Q 0, so we can
apply [CT17, Lemma 2.17] to deduce that in fact L is relatively torsion. 
The proof of Corollary 6.7 follows exactly the same strategy as in [Kee99].
For the convenience of the reader, we attach a sketch of the proof below,
following a slight reformulation of it as written in [MNW15].
Corollary 6.7 (Corollary 1.3). Let (X,∆) be a klt pair on a normal integral
scheme X of global dimension three which is projective over a spectrum S of
a mixed characteristic Dedekind domain with perfect residue fields of closed
points. Let L be a nef line bundle on X such that L− (KX +∆) is nef and
big. Then L is EWM.
If the residue fields of closed points of S are isomorphic to Fpn or Fp for
some n > 0 and prime numbers p, then L is semiample.
Proof. We only consider the semiample case of the corollary as the EWM
case is analogous. By taking a Stein factorisation, we can assume that
π∗OX = OS , where π : X → S is the projection. By the base point free
theorem in characteristic zero, we have that L|XQ is semiample. Since L is a
big line bundle, up to multiplying L by some number, we can decompose it
as L ∼Q A +D, where A is an ample and D is an effective Cartier divisor.
By Theorem 6.1, it is enough to show that L|Dred is semiample, where Dred
is the reduction of D.
Write Dred =
∑m
i=1Di, where Di are prime divisors and define λi ∈ Q so
that ∆+λiD contains Di with coefficient one. In particular, there exists an
effective Q-divisor Γi such that
∆ + λiD = Di + Γi
and Di 6⊂ Supp(Γi). Since (X,∆) is klt, it follows that λi > 0. By rearrang-
ing indices, we may assume without loss of generality that λ1 ≤ λ2 ≤ . . . ≤
λm, so we have ∑
1≤j≤i−1
Dj ≤ Γi
for each i. We define U0 := ∅ and Ui := Ui−1 ∪Di for i > 0. We prove that
L|Ui is semiample by induction on i. By adjunction, there exists an effective
Q-divisor ∆Di such that (KX +Di + Γi)|Di ∼ KDi +∆Di , where Di → Di
is the normalisation.
Let us assume that L|Ui−1 is semiample. We first prove the semiample-
ness of L|Di . If Di is of mixed characteristic, then L|Di is semiample by
Proposition 6.6. If Di is defined over a positive characteristic field, then
L|Di is semiample by an analogous argument to that in [Kee99, p. 279]. For
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the convenience of the reader, we summarise this argument briefly. When
L|Di has numerical dimension zero, we are done by assumptions. When
the numerical dimension is two, this follows by Theorem 6.1. When the
numerical dimension is one, we note first that by the proof of Lemma 6.8,
(1 + λi)L|Di = KDi +∆Di +ADi for A
′ ample. Thus, a Riemann-Roch cal-
culation as in [Kee99, p. 280] shows that χ(mL|Di) grows linearly with m.
Up to a base change, we can assume that Di is defined over an algebraically
closed field. Thus, L is semiample by [Kee99, Lemma 5.2 and 5.4].
Assume κ(L|Di) is equal to 0 or 2. Then the assumptions of Proposition
5.3 are satisfied, and so L|Di is semiample. Using the same proposition again
for X1 = Ui−1 and X2 = Di, we get that L|Ui is semiample.
In what follows, we assume κ(L|Di) = 1.
Lemma 6.8. Let πi : Di → Zi be the map associated to the semiample line
bundle L|Di and let F be a general fibre of πi. Further, let Ci ⊂ Di be the
the reduction of the conductor of the normalization pi : Di → Di. Then F
and Ci intersect in at most one point.
Proof. For Mi := (1 + λi)L− (KX +∆+ λiD), it holds that
Mi = L− (KX +∆) + λi(L−D)
∼Q (L− (KX +∆)) + λiA,
and so Mi is ample, because L − (KX + ∆) is nef and λiA is ample. In
particular, F ·Mi|Di > 0. Since F ·L|Di = 0, we get F ·KDi + F ·∆Di < 0.
Hence,
F ·∆Di < −F ·KDi = 2− 2h
1(F,OF ) ≤ 2
holds. By the adjunction formula, the one-dimensional part of Ci is con-
tained in Supp(⌊∆Di⌋). Hence, we get #(F ∩ Ci) ≤ F ·∆Di < 2. 
By this lemma, the assumptions of Proposition 5.3 are satisfied, and so
L|Di is semiample. Let ρi : Di → Z
′
i be the map associated to L|Di and let
G be a general fibre of ρi. We get the following commutative diagram
Di Di
Zi Z
′
i
pii
pi
ρi
We want to apply Proposition 5.3 to X1 = Ui−1 and X2 = Di to show
that L|Ui is semiample. It is sufficient to prove that G intersects Ui−1 ∩Di
in at most one point.
By definition of Ui and the adjunction formula, the one-dimensional part
Λ of p−1i (Ui−1 ∩Di) is contained in Supp(⌊∆Di⌋). By the proof of Lemma
6.8, we can conclude
#
(
(Ui−1 ∩Di) ∩G
)
≤ F ·∆Di < 2,
which completes the proof. 
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